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1. Introduction

In the construction of type II string vacua with N = 1 supersymmetry in four dimensions,

orientifolds play an important role along with branes and fluxes. While we wish to obtain

a global picture for the whole variety of such vacua, it would be desirable to understand

better each of the ingredients at different vacua. At one regime of vacua where the com-

pactification manifold has large volume, the supergravity and Dirac Born-Infeld theory will

give a reliable geometric description of the system. On the other hand, in a different regime

where the size of the compactification manifold is very small, there are vacua admitting an

exactly solvable worldsheet description. The worldsheet theory describing such vacua was

found by Gepner [1] and involves an orbifold of products of N = 2 minimal models, which

are very well-understood rational CFTs.

D-branes and orientifolds in Gepner models were studied in many papers. A class of

D-branes were first constructed in [2] using Cardy’s boundary states [3] in N = 2 minimal

models. Since then, different aspects of them were studied including how they continue

in moduli space to the large volume [4]. Similar analyses for orientifolds were first made

in [5, 6] and then in [7]–[14] using the standard crosscap states in N = 2 minimal models,

and provided us with a large number of tadpole-free backgrounds where the particle spectra

are explicitly computable [15].

The D-branes and orientifolds studied in those works are mostly made from products

of boundary or crosscap states in minimal models. On the other hand, in Gepner models

containing products of minimal models of the same level, there are also D-branes and orien-

tifolds corresponding to boundary conditions on fields twisted by permutation symmetries.

Permutation branes in general CFTs were first constructed by Recknagel [16] by generaliz-

ing Cardy’s standard prescription [3] (see also [17]). Some generalizations of it have been

discussed in [18 – 20]. There have also been many work on permutation branes in Gepner

models [21]–[25], some of which employ the description in terms of matrix factorization of

Landau-Ginzburg superpotential [26, 27]. A natural extension of these developments will

be to construct permutation orientifolds in a similar manner.

One of our goal in this paper is to give a general prescription to construct permutation

orientifolds in tensor product CFTs as well as their orbifolds, generalizing the standard

construction of crosscap states in RCFT given by [28] and developed further by [29]–[36].
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The other goal is to apply it to Gepner models and study type II string vacua made of

permutation orientifolds. Accordingly, the paper is organized into two parts.

In section 2 we present our general construction of permutation orientifolds in RCFTs

and orbifolds thereof. In section 3 we apply our prescription to the theory of n Dirac

fermions, using the fact that the theory is related to the affine U(1)⊗n
2 model by orbifolding.

We pay particular attention to assigning Grassmann parity to states and operators so

that the acnticommutativity of fermions is correctly reproduced. In a similar manner,

we construct in section 4 the boundary and crosscap states in N = 2 minimal models

preserving an N = 2 superconformal symmetry.

In section 5 we classify permutation orientifolds in Gepner models and write down

their explicit form. The construction of permutation D-branes will also be given here

although there have been a lot of works on it; in particular we discuss in full detail the

properties of short orbit branes, i.e. branes in orbifolds which are not simply the sum over

orbifold images. In section 6 we analyze further some physical properties of permutation

orientifolds in Gepner models. We will find out how various orientifolds act on D-branes,

and determine the gauge group on a stack of parity-invariant D-branes. We also analyze

the condition of tadpole cancellation and some of its solutions. We conclude in section 7

with some brief remarks.

Note added. A part of the results presented in this paper was obtained independently

by Brunner and Mitev [37]. We were informed of their work in progress at an early stage

of our work.

Rudiments of one-loop amplitudes

Here we collect our convention for various one-loop amplitudes in string theory.

Cylinder. The one-loop of open string stretching between two D-branes is a cylinder. We

parametrize the worldsheet by (σ, t) with 0 ≤ σ ≤ π, t ∼ t + 2πl or a complex coordinate

z = σ + it. The endpoints σ = 0 and π are on D-branes 〈B0| and |Bπ〉 respectively.

The D-branes are characterized by different boundary conditions on fields. We assume the

worldsheet conformal field theory to have a symmetry generated by holomorphic currents

W (z), W̃ (z̄) with spin SW ∈ 1
2Z, and assume that the currents with integer (half-odd-

integer) spins are bosonic (resp. fermionic). We restrict our interest to the boundary

states satisfying

〈B0|
(
W̃ (z̄) − e−iπSW W (z)

)
σ=0

= 0 =
(
W̃ (z̄) − eiπSW W (z)

)
σ=π

|Bπ〉. (1.1)

Let X be a symmetry of the theory. The open closed duality relates the overlap of boundary

states in X-twisted sector and the trace over open string Hilbert space with weight X,

X〈B0|e−πHc/l|Bπ〉X = TrB0,Bπ

[
(−)F e−2πHolX

]
. (1.2)

The right hand side is formally calculated as the path integral on the cylinder with the

fields φ(σ, t) obeying boundary conditions specified by D-branes and the periodicity along

time,

φ(σ, t) = X−1φ(σ, t + 2πl)X. (1.3)
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If one is interested in summing over spin structures, it is convenient to introduce the indices

NSNS±,RR± to label different boundary conditions for fermionic currents W and W̃ ,

Y±
〈B0|

(
W̃ (z̄) ∓ e−iπSW W (z)

)
= 0 =

(
W̃ (z̄) ∓ eiπSW W (z)

)
|Bπ〉Y± . (1.4)

Y = NSNS (RR) indicates that the fermionic fields are anti-periodic (periodic) along time t.

Möbius strip. If the theory on a strip has a parity symmetry exchanging fields at σ and

π − σ, the one-loop of open string of width π and the periodicity along time (t ∼ t + 2πl)

twisted by the parity is a Möbius strip. The boundary states 〈B0| and |Bπ〉 then have to

be parity images of each other. We assume there is a “basic” involutive parity P acting on

the currents as

PW (σ, t)P = e−iπSW W̃ (π − σ, t), PW̃ (σ, t)P = eiπSW W (π − σ, t), (1.5)

and consider parities of the form gP , defined by combining P with various symmetries g

acting locally on fields and symmetry currents. The Möbius strip amplitude associated to

the parity gP is a trace over open string Hilbert space (1.2) with X = gP . Alternatively, it

is given by a path integral on a strip of width π/2 and period 4πl bounded by a boundary

and a crosscap states. The fields satisfy twisted periodicity along time,

φ(σ, t) = X−1φ(σ, t + 4πl)X, X ≡ (gP )2.

The fields obey the boundary condition specified by 〈B0| at σ = 0, and the crosscap

condition at σ = π/2,

φ(π
2 , t) = gPφ(π

2 , t − 2πl)Pg−1, (1.6)

The corresponding crosscap state is denoted by |gP 〉. The open-closed duality then tells

TrB0,Bπ [(−)F e−2πHolgP ] = X〈B0|e−πHc/4l|gP 〉X = X〈(−)F gP |e−πHc/4l|Bπ〉X . (1.7)

The second equality tells how the boundary states are transformed under the parity. The

additional factor (−)F in the definition of crosscap bra-state is because we define the bra

and ket states to satisfy the crosscap conditions

0 = 〈gP |
(
W̃ (t) − e−iπSW gW (t − 2πl)g−1

)
σ= π

2

=
(
W̃ (t) − eiπSW gW (t − 2πl)g−1

)
σ= π

2

|gP 〉, (1.8)

so that (i) the conditions on bra and ket states are related by rotation by 180 degrees, and

(ii) the bra and ket states are related by the dagger operation.

Different spin structures give a pair of NSNS crosscaps |(−)FLP 〉, |(−)FRP 〉 and a pair

of RR crosscaps |(±)F P 〉 for each involutive parity symmetry P . In general the NSNS

parity maps a boundary state
NSNS±

〈B| to |B′〉
NSNS±

by (1.7), while the RR parity maps

RR±
〈B| to |B′〉

RR∓
.

If |P 〉 is the crosscap state corresponding to the parity P of (1.5), then g|P 〉 satisfies
(
gW̃ (t)g−1 − eiπSW gW (t − 2πl)g−1

)
σ= π

2

g|P 〉 = 0.

We can therefore put

g|P 〉 = |gPg−1〉. (1.9)
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Klein bottle. Let us next consider a closed string with spatial coordinate σ ∼ σ + 2π.

The one-loop of closed string with the periodicity along time (t ∼ t+2πl) twisted by parity

is a Klein bottle. If the parity maps σ to −σ modulo 2π, then the Klein bottle is equivalent

to a periodic strip of width π, period t ∼ t+4πl bounded by two crosscap states at σ = 0 and

π. If the two crosscaps correspond to different parities g0P and gπP , then the fields obey

φ(σ, t) = g0P(0)φ(σ, t − 2πl)P(0)g
−1
0 = gπP(π)φ(σ, t − 2πl)P(π)g

−1
π , (1.10)

where the suffix (0) or (π) indicates the fixed point of the parity. Therefore the closed

string is in the sector twisted by g ≡ (g0g
−1
π ). The open-closed duality then tells that

Trg[(−)F e−2πHclg0P(0)] = Trg[(−)F e−2πHclgπP(π)] = 〈(−)F g0P |e−πHc
2l |gπP 〉. (1.11)

The closed string states form a representation of the symmetry algebra of the currents

W (z) and W̃ (z̄). The action of parity P(0), P(π) on the currents are given by (1.5) with

modified fixed points. Introducing the coordinate ζ ≡ ±e−iz and expanding the currents in

standard power series, one finds these parities act on the modes as Wn ↔ W̃n, as expected.

2. Permutation branes and crosscaps in RCFT

In this section we present the construction of permutation branes and orientifolds in tensor

products of general rational CFTs, and then extend it to their simple current orbifolds.

The argument follows that of [16].

Let X be a general left-right symmetric RCFT with chiral symmetry algebra A⊗A,

and denote the tensor product of N copies of it by XN . The D-branes or orientifolds in

X are described by the states |B〉, |C〉 satisfying the boundary or crosscap conditions on

currents generating two copies of A:

(W̃n − e−iπSW W−n)|B〉X = 0,

(W̃n − e−iπ(SW −n)W−n)|C〉X = 0.
(2.1)

Here SW is the spin of the current W . Any product of states |B〉 or |C〉 of X gives a state

of XN satisfying the boundary or crosscap conditions

(W̃ a
n − e−iπSW W a

−n)|B〉XN
= 0,

(W̃ a
n − e−iπ(SW −n)W a

−n)|C〉XN
= 0.

(2.2)

Here the suffix a is for operators in the a-th copy of X . Permutation branes and permutation

orientifolds in XN are characterized by the conditions on currents twisted by permutations

π ∈ SN :

(W̃
π(a)
n − e−iπSW W a

−n)|Bπ〉XN
= 0,

(W̃
π(a)
n − e−iπ(SW −n)W a

−n)|Cπ〉XN
= 0.

(2.3)

We call these conditions as “π-permuted”.
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2.1 Cardy and Pradisi-Sagnotti-Stanev’s constructions

In the standard Cardy and Pradisi-Sagnotti-Stanev(PSS) constructions, D-branes and ori-

entifolds in general RCFT X are expressed as suitable linear sums of Ishibashi states which

form the basis of solutions to (2.1). Here we extend this prescription to construct permu-

tation branes and orientifolds in XN , following the argument of [16]. Our construction of

permutation orientifolds agrees with that of [37].

General Ishibashi states |B; i〉〉 and |C; i〉〉 in X are constructed as

|B; i〉〉 :=
∑

M∈Vi

|M〉 ⊗ Φ|M〉, |C; i〉〉 := eπi(L0−hi) |B; i〉〉. (2.4)

Here Vi is the i-th highest weight representation of A spanned by an orthonormal basis

{|M〉}, and hi is its conformal weight. Φ is the anti-unitary operator satisfying WnΦ =

e−iπSW ΦW †
−n. The simple products of Ishibashi states |B; i1 · · · iN 〉〉, |C; i1 · · · iN 〉〉 satisfy

the boundary or crosscap conditions (2.3) in XN with π = id. Define an operator Rπ acting

only on the left-moving (= antiholomorphic) operators and primary states as permutations

RπW̃ a
nRπ−1

= W̃
π(a)
n ,

Rπ · |i1 ⊗ ı̃1〉1 · · · |iN ⊗ ı̃N 〉N = (±)|i1 ⊗ ı̃π−1(1)〉1 · · · |iN ⊗ ı̃π−1(N)〉N .
(2.5)

Note that, in the second equation, Rπ should be understood to annihilate the state unless

the state |ia ⊗ ı̃π−1(a)〉 is contained in the Hilbert space of X for all a. The ± sign in the

right hand side of the second equation arises if the theory X contains fermionic states and

currents. The π-permuted Ishibashi states are then simply given by

|Bπ; i1 · · · iN 〉〉 = Rπ |B; i1 · · · iN 〉〉,
|Cπ; i1 · · · iN 〉〉 = Rπ |C; i1 · · · iN 〉〉. (2.6)

In the rest of this subsection we assume X to be an RCFT with charge conjugation

modular invariant, so that Rπ annihilates the primary state |i1 ⊗ ı̄1〉1 · · · |iN ⊗ ı̄N 〉N unless

iπ−1(a) = ia for all a. We also assume, for simplicity, that all the states and currents in X
are bosonic. We denote the number of cycles in a given permutation π by [π], the c-th cycle

of π as πc and its length by ||πc||. The π-permuted Ishibashi states can then be labelled by

jc (c = 1, · · · , [π]) such that

ia = jc if a ∈ πc. (2.7)

So we introduce another expression for Ishibashi states:

|Bπ; j1 · · · j[π]〉〉 = ⊗[π]
c=1 |Bπc ; jc〉〉 =

∑

ia

δ
(π)
i,j Rπ |B; i1 · · · iN 〉〉,

|Cπ; j1 · · · j[π]〉〉 = ⊗[π]
c=1 |Cπc; jc〉〉 =

∑

ia

δ
(π)
i,j Rπ |C; i1 · · · iN 〉〉.

(2.8)
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The delta symbol δ
(π)
i,j enforces the condition (2.7). The inner products of these Ishibashi

states read

〈〈Bπ̃, ̃1 · · · ̃[π]| eπiτH |Bπ; j1 · · · j[π]〉〉 =
∑

i,j′

δ
(π̃)
i,̃ δ

(π)
i,j δ

(σ)
i,j′

[σ]∏

c=1

χj′c(||σc||τ),

〈〈Cπ̃, ̃1 · · · ̃[π]| eπiτH |Cπ; j1 · · · j[π]〉〉 =
∑

i,j′

δ
(π̃)
i,̃ δ

(π)
i,j δ

(σ)
i,j′

[σ]∏

c=1

χj′c(||σc||τ),

〈〈Bπ̃, ̃1 · · · ̃[π]| eπiτH |Cπ; j1 · · · j[π]〉〉 =
∑

i,j′

δ
(π̃)
i,̃ δ

(π)
i,j δ

(σ)
i,j′

[σ]∏

c=1

I ||σc||χj′A
(||σc||τ),

(σ ≡ π−1 ◦ π̃) (2.9)

where I is an involutive operator defined to act on characters as

Iχi(τ) = χ̂i(τ) ≡ e−πi(hi− c
24

)χi(τ + 1/2). (2.10)

D-branes and orientifolds are linear combinations of Ishibashi states satisfying certain

consistency conditions. Recknagel [16] constructed the permutation branes as follows:

|Bπ
J〉 = |Bπ

J1···J[π]
〉 =

[π]⊗

c=1

|Bπc

Jc
〉 =

[π]⊗

c=1

∑

jc

SJcjc

(S0jc)
||πc||/2

|Bπc ; jc〉〉. (2.11)

In [16] it was also shown that the open string spectrum between any two such D-branes

satisfies integrality. To see this, let us consider the finest possible decomposition of the set

of N letters, {1, · · · , N} =
⋃

b Sb such that any cycle of π, π̃ or σ = π−1 ◦ π̃ is contained in

one of Sb. The annulus amplitude then becomes

〈Bπ̃
J̃
|e−πH/l|Bπ

J〉 =
∑

J ′
1,···,J ′

[σ]

∏

b

Nb(J̃,J,J′)
[σ]∏

c=1

χJ ′
c
(il/||σc||),

Nb(J̃,J,J′) =
∑

j

∏

π̃c∈Sb

S∗
J̃cj

(S0j)||π̃c||/2

∏

πc∈Sb

SJcj

(S0j)||πc||/2

∏

σc∈Sb

SJ ′
cj . (2.12)

The coefficient Nb always takes the form

∑

j

SJ1j · · ·SJn+3j

S2g+n+1
0j

(n ≥ 0, g ≥ 0)

=

{
[NJ2NJ3 · · ·NJn+2]

J̄n+3

J1
(g = 0)∑

j1,···,jg
Tr[NJ1NJ2 · · ·NJn+3 · Nj1N̄1 · · ·Njg−1N̄g−1 ] (g > 0)

(2.13)

where Ni is the fusion matrix whose elements are all non-negative integers,

[Nj]
l

k = N l
jk =

∑

i

SjiSkiS
∗
li

S0i
.
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Hence Nb is always a nonnegative integer. The right hand side of (2.13) has an interpreta-

tion as the number of (n + 3)-point conformal blocks on genus-g Riemann surface.

The construction of [16] can be extended to crosscap states in a straightforward man-

ner. General permutation orientifold of XN is labelled by an involutive permutation π and

a parity PI ≡ ⊗N
a=1PIa satisfying PIπ(a)

= PIa . Then we propose the following crosscap

states,

|Cπ
I 〉 = |Cπ

I1···I[π]
〉 =

[π]⊗

c=1

|Cπc

Ic
〉 =

[π]⊗

c=1

∑

jc

XIcjc

(S0jc)
||πc||/2

|Cπc ; jc〉〉, (2.14)

XIcjc =

{
PIcjc (||πc|| = 1)

SIcjc (||πc|| = 2)

Note that the lengths of all the cycles of π have to be one or two for π to be involutive.

The integrality of Klein bottle and Möbius strip amplitudes can be checked by a direct

computation. One encounters factors of the form

∑

j

SJ1j · · ·SJm+1jPI1j · · ·PI2nj

S2l+m+2n−1
0j

(m,n, l ≥ 0, m + 2n ≥ 2), (2.15)

which can be rewritten in a similar way as (2.13), using the N - and Y -matrices

[Yj ]
l

k = Y l
jk =

∑

i

SjiPkiP
∗
li

S0i
, (2.16)

whose elements are all known to be integers. For this rewriting to be possible, the number

of P -matrices in (2.15) has to be always even; this is actually the case because we put

XIcjc = PIcjc or SIcjc depending on ||πc|| = 1 or 2. To check this, let us consider the Klein

bottle amplitudes between π- and π̃-permuted crosscap states. In order to write them

down one needs the decomposition {1, · · · , N} =
⋃

b Sb in the same way as for the annulus

amplitudes. The factors of the form (2.15) are associated to each of Sb. One finds the

number of P -matrices in (2.15) is the sum of the numbers of odd-length cycles of π and

those of π̃ contained in Sb, which is always even. The same argument applies to Möbius

strip amplitudes.

In summary, for an RCFT X defined with charge conjugation modular invariant, the

formulae (2.11) and (2.14) give general π-permuted boundary and crosscap states in XN .

2.2 Simple current orbifold

Here we briefly review some basic properties of simple current orbifolds X/G and the

constructions of D-branes and orientifolds in such theories.

Suppose a CFT X has a group G of simple currents. A simple current g ∈ G is

by definition a representation of A which maps any representation into another unique

representation under fusion:

g × i → gi.

– 8 –
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It follows that g induces (infinitely many) invertible maps between two highest weight

representations Vi,Vgi of A. For an RCFT X defined with charge conjugation modular

invariant, its orbifold X/G is defined by the modular invariant

ZX/G =
1

|G|
∑

i

∑

g1,g2∈G

e2πi(Qg2 (i)−q(g1,g2))χi(τ)χg1 ı̄(−τ̄). (2.17)

Here Qg(i) is defined and characterized by

(1) Qg(i) = hi + hg − hgi (mod Z),

(2) Qg(i) + Qg′(i) = Qgg′(i) (mod Z),

(3) Qg(i) + Qg(j) = Qg(k) if Nk
ij 6= 0 (mod Z),

(2.18)

and q(g1, g2) is a symmetric bilinear function of the elements of G satisfying

(4) Qg1(g2) = 2q(g1, g2) (mod Z),

(5) q(g, g) = −hg (mod Z).
(2.19)

Modular invariance of ZX/G follows from the above conditions together with an important

formula [38, 39]:

Sije
2πiQg(j) = Sgi,j. (2.20)

In the RCFT terms, the sector twisted by g ∈ G of the orbifold theory X/G consists

of the representation spaces Vi ⊗ Vgı̄ of A ⊗ A. The ground state in this sector has the

eigenvalue

g′ = e2πi(Qg′ (i)−q(g,g′)), (2.21)

as can be read off from (2.17). In a formal field theory terms, each term in the torus

partition function (2.17) of the orbifold theory X/G is given by the path integral of the

fields φ(z) on a torus (z ∼ z + 2π ∼ z + 2πτ) with the periodicity conditions

φ(z) = g−1
1 φ(z + 2π)g1 = g−1

2 φ(z + 2πτ)g2. (2.22)

2.2.1 The issue of doubled periodicity

Although the function Qg(i) only needs to be defined modulo Z in constructing the modular

invariant torus partition function, we wish to have it defined modulo 2Z for constructing

boundary or crosscap states in later sections. In what follows we assume that Qg(i) is

defined modulo 2Z so as to satisfy the equations (2,3,4) of (2.18)–(2.19) modulo 2Z, namely

it is bilinear in g and i modulo 2Z. However, Qg(i) so defined will not always be single-

valued (=periodic) modulo 2Z. For example,
∏

a ga = id does not necessarily lead to∑
a Qga(i) = 0 modulo 2Z, although the equality always holds modulo Z. In later sections,

this kind of subtlety will be called “doubled periodicity”.

In constructing crosscap states in orbifolds, we will also need to find an improvement

of conformal weights

hi → hi − θ(i), (2.23)

by an integer-valued function θ(i) so that the equations (1) and (5) hold modulo 2Z as well.

Again, the function θ(i) will not in general be single valued as a function of representation

label i.
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2.2.2 Branes

Boundary states in orbifolds X/G are constructed by summing over images and twists.

Pick a boundary state |BJ〉 in X , and let H ⊂ G be the stabilizer of J . Then there are

boundary states in X/G in one to one correspondence with the characters ρ of its untwisted

stabilizer U ⊂ H [31, 32],

|Bρ
J 〉X/G =

√
|H|√

|G||U |
∑

g∈G/H, h∈U

g|BJ 〉h ρ(h), (2.24)

Here |BJ 〉h is the boundary state in the h-twisted sector and defined to satisfy

h〈BJ ′ |e−πHc/lg|BJ 〉h = TrJ ′,gJ [he−2πHol], (2.25)

i.e. their overlaps should be proportional to the traces over open string Hilbert space with

additional weight h. It is important that the twist h does not run over all the elements in

H. The definition of untwisted stabilizer group will be given in section 2.3. To construct

the boundary states in orbifolds explicitly, one therefore needs the expression for the states

|BJ 〉h in terms of Ishibashi states,

|BJ〉h =
∑

j

S
(h)
Jj√
S0j

|B;h(j)〉〉h. (2.26)

Here the matrix S(h) has indices J, j which run only over representations fixed by h, and

the elements are supposed to satisfy

S
(h)
g(J),j = S

(h)
J,j exp 2πi(Qg(j) + q(g, h)). (2.27)

2.2.3 Orientifolds

Crosscap states in X/G are constructed as sums of crosscaps in X . Here we review the

construction of [36].

Let PI be an involutive parity symmetry of X and |PI〉 the corresponding crosscap

state. The parity PI maps a state in Vj ⊗ V̄ to a state in V̄ ⊗ Vj . For any g ∈ G, gPI

defines a parity whose action is that of PI followed by the phase multiplication (2.21). gPI

is also involutive due to gPI = PIg
−1 which one can easily check. So there are crosscaps

|gPI 〉 satisfying

〈gg̃PI |e−πHc/l|gPI 〉 = Trg̃[gg̃P
(0)
I e−πHcl] = Trg̃[gP

(π)
I e−πHcl], (2.28)

where the trace in the right hand side is over the g̃-twisted closed string states, and the

superscripts (0), (π) indicate the fixed points of the parity on the circle of circumference

2π. The crosscap |PI〉X/G in the orbifold is therefore described by a sum of crosscaps in X ,

|PI〉X/G =
1√
|G|

∑

g∈G

|gPI〉. (2.29)
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One can also consider the sum of crosscaps in X dressed by characters of G,

|P ε
I 〉X/G =

1√
|G|

∑

g∈G

|gPI〉ε(g). (2.30)

Note here that, since g|PI 〉 = |gPIg
−1〉 = |g2PI〉 from (1.9), the character ε in (2.30) have

to be Z2-valued if the crosscap states in orbifold are made of G-invariant closed string

states. Such a degree of freedom arises only when G contains an element of even order, i.e.

if G/G2 is non-trivial.

To extend the PSS construction to orbifolds, one needs to find the precise relation

(including the normalization) between the crosscap state |gPI〉 corresponding to the parity

gPI and the PSS state

|CgI〉 =
∑

j

PgI,j√
S0j

|C; j〉〉.

From the formula for overlaps of two PSS states,

〈Cgg̃I |e−πHc/l|CgI〉 =
∑

j

Y gg̃I
j,gI χj(il)

=
∑

j

Y g̃I
j,I χj(il)e

πi{hgI+hg̃I−hgg̃I−hI−2Qg(j)}, (2.31)

one finds that, for an arbitrary character eiπ∆(g) of G, the following sum of PSS states

1√
|G|

∑

g∈G

|CgI〉 exp πi {hI − q(g, g) − hgI − ∆(g)} , (2.32)

corresponds to a parity symmetry of the theory X/G which acts as

PI exp iπ {hgI + q(g, g) − hI + ∆(g)}

on g-twisted sector. The crosscap state (2.32) is G-invariant provided ∆(g2) = 2Qg(I)

modulo 2Z, as follows from the identity [32, 33]

e2πiQg(j)Pi,j = Pg2i,j exp iπ(2hg + 2hgi − hi − hg2i). (2.33)

We have thus found that, in order to define a parity PI and the corresponding crosscap

state in orbifold X/G from those in X , we need to choose a character eiπ∆ of G satisfying

∆(g2) = 2Qg(I) mod 2Z. We find it most convenient to set ∆(g) = Qg(I) mod 2Z,

although this gives rise to some subtleties because eiπ∆ is actually not always a character

of G.

We first notice that there exists an integer-valued function θ on the set of representa-

tions of A with the following property:1

hI − q(g, g) − hgI = Qg(I) + θ(I) − θ(gI) mod 2, (2.34)

1
G is assumed to act on I freely.
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Putting I := id and setting θ(id) = 0, one finds θ(g) = hg + q(g, g). Inserting this back

into (2.34) one finds that θ(I) can be thought of as a modification of hI discussed at (2.23).

Introducing σI ≡ eiπθ(I), the requirement that (2.29) coincides with (2.32) up to an overall

sign when ∆(g) = Qg(I) just boils down to

|gPI 〉 = |CgI〉σgI . (2.35)

The general crosscap state in X/G is thus given by

|P ε
I 〉X/G =

1√
|G|

∑

g∈G

|CgI〉σgI · ε(g). (2.36)

The parity P ε
I corresponding to this crosscap acts on g-twisted sector as PIε(g)σIσgI .

The crosscaps |gPI〉 defined by (2.35) satisfies the shift relation g|PI〉 = |g2PI〉, so the

crosscap state (2.36) is a G-invariant closed string state. However, |gPI〉 has in general

doubled periodicity because of the doubled periodicity of σgI . Therefore, ε in (2.36) should

be chosen in such a way that the summand in the right hand side is a single-valued function

of g ∈ G.

2.3 Permutation branes in orbifolds

In this and the next subsections we consider the permutation branes and orientifolds in

the orbifold XN/G, where G is a subgroup of GN . For simplicity, we assume G is invariant

under SN , namely,

g ≡ (g1, · · · , gN ) ∈ G =⇒ gπ ≡ (gπ(1), · · · , gπ(N)) ∈ G. (2.37)

D-branes in XN/G are constructed as sums over images and twists. The simple current

g = (g1, · · · , gN ) acts on π-permuted boundary states |Bπ
J
〉 in XN as

g|Bπ
J〉 = g ⊗[π]

c=1 |Bπc

Jc
〉 = ⊗[π]

c=1 |Bπc

J ′
c
〉, J ′

c = (
∏

a∈πc
ga)Jc. (2.38)

In particular, g fixes the brane |Bπ
J
〉 if

Jc =
∏

a∈πc
ga · Jc c = 1, · · · , [π].

As a simple example, all the π-permuted branes are fixed by g if
∏

a∈πc
ga = 1 for all cycles

πc. Let us denote by H ⊂ G the stabilizer of |Bπ
J
〉. Then the corresponding permutation

brane in the orbifold takes the form [31, 32]

|Bπ,ρ
J

〉XN /G =
|H|√
|G||U|

∑

h∈U

∑

g∈G/H
g|Bπ

J〉h ρ(h), (2.39)

where |Bπ
J
〉h denotes the boundary state in h-twisted sector. The twist h runs over the

group U ⊂ H called the untwisted stabilizer (see below for the definition) of the brane, and

ρ is a character of U .
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The permutation boundary states in twisted sectors are constructed as follows. Since

they factorize into pieces representing each cycle,

|Bπ
J〉h = ⊗[π]

c=1 |Bπc

Jc
〉h, (2.40)

we focus on the cases where π itself is a cyclic permutation, π = (1 2 · · ·N). For such π

the boundary states in the sector twisted by h = (h1, · · · , hN ) are defined by

|Bπ
J〉h =

∑

j

S
(htot)
Jj

(S0j)N/2
|Bπ; j〉〉h, (2.41)

where the matrix S(h) was introduced in (2.26), htot ≡ h1h2 · · ·hN and the Ishibashi states

in h-twisted sector are defined by

|Bπ; j〉〉h ≡ Rπ |B; j1 · · · jN 〉〉,
jk = hkjk−1 (k = 1, . . . , N ; j0 ≡ j). (2.42)

Note that the Ishibashi states defined in this way depend on the choice of the “first” entry

in the cycle. For more general cyclic permutation π = (a1a2 · · · aN ) we define |Bπ; j〉〉h
so that ̄ appears in the a1-th antiholomorphic sector and htotj = j appears in the aN -th

holomorphic sector.

In order for the sum over twisted sectors to make sense, we need to require that the

J-label of |Bπ
J 〉h is transformed in the same way as that of |Bπ

J〉h=id by simple currents:

g|Bπ
J 〉h = |Bπ

gtot(J)〉hωπ(g, h). (gtot ≡ g1g2 · · · gN ) (2.43)

The factor ωπ(g, h), if nontrivial, means that g ∈ G not only acts on the J-label of the

brane |Bπ,ρ
J 〉 but also transforms ρ(h) to ρ(h)ωπ(g, h). The simple current prescription

gives

ωπ(g, h) = exp 2πi {−q(g1 · · · gN , h1 · · ·hN )

+ q(g1, h1) + q(g2, h
2
1h2) + · · · + q(gN , h2

1h
2
2 · · ·h2

N−1hN )
}

. (2.44)

For a state |Bπ
J〉h in h-twisted sector to contribute to (2.39), H should be realized trivially

on it; otherwise it would be projected out by the orbifolding procedure. The untwisted

stabilizer group U ⊂ H of a boundary state is formed by such h’s. U is therefore formed

by those h ∈ H satisfying ωπ(g, h) = 1 for all g ∈ H.

2.3.1 Diagonal branes

An interesting class of permutation D-branes are the “diagonal branes” in X 2 or its orb-

ifolds, which are regarded as wrapping the diagonal, X ⊂ X 2.

First, let us consider the following boundary state in the product theory X 2,

|Bdiag〉X
2 ≡ |B(12)

0 〉 =
∑

i

R(12) |B; i, i〉〉. (2.45)
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Note that the modular S-matrices in the enumerator and denominator of Recknagel’s con-

struction canceled out. It gives the annulus partition function,

X 2〈Bdiag|e−πHc/l|Bdiag〉X
2

=
∑

i

χi(i/l)χi(i/l) =
∑

i

χi(il)χı̄(il) = ZX
T 2(il). (2.46)

Let us next consider an orbifold X 2/G. For simplicity, we take G = G⊗G = {(g1, g2)|g1, g2 ∈
G} with G acting on all the representations in the theory X freely. The diagonal brane is

invariant under the elements h ⊗ h−1 ∈ G, so we consider the sum over h ⊗ h−1-twisted

sectors,

|Bdiag〉orb =
1√
|G|

∑

g,h∈G

(g ⊗ 1)|Bdiag〉h⊗h−1

=
1√
|G|

∑

g,h∈G

∑

i

(g ⊗ 1)R(12) |B;h(i), i〉〉. (2.47)

This diagonal brane gives the annulus partition function,

orb〈Bdiag|e−πHc/l|Bdiag〉orb =
1

|G|
∑

g,h,i

e2πiQg(i)+2πiq(g,h)χh(i)(i/l)χi(i/l)

=
1

|G|
∑

g,h,j

e2πiQh(j)+2πiq(g,h)χj(il)χg−1(̄)(il) = Z
X/G
T 2 (il). (2.48)

Let us reconsider the properties of diagonal branes in more abstract terms. We first

consider the product theory X 2 defined on a strip of width π parametrized by (σ ∈ [0, π], t ∈
R). We wish to consider what boundary condition on the fields φ1,2 corresponds to the

diagonal brane. Suppose that the theory X on a circle (σ ∼ σ + 2π) has an involutive

parity symmetry P which acts linearly on fields φ as

P : φ(σ) 7→ R(P )φ(−σ), (2.49)

where R(P ) is a matrix representation of P when φ is a vector describing the collection of

fields. Then consider the theory X 2 on a strip with the following boundary condition on

fields at σ = 0, π:

φ1(0) = R(P )φ2(0),

φ2(0) = R(P )φ1(0),

φ1(π) = R(P )φ2(π),

φ2(π) = R(P )φ1(π).
(2.50)

One can then define a periodic field φ of the theory X on a circle of radius 2π by

φ(σ) = φ1(σ) (σ ∈ [0, π]),

φ(σ) = R(P )φ2(2π − σ) (σ ∈ [π, 2π]).
(2.51)

The theory X 2 on a strip with boundary condition (2.50) is thus equivalent to the the-

ory X on a periodic cylinder. We therefore identify the fundamental diagonal branes

|Bdiag〉, 〈Bdiag| with the boundary conditions (2.50) on fields.
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Let us next consider the orbifold theory. We first wish to show that the overlap of

〈Bdiag| and (g1 ⊗ g2)|Bdiag〉 gives a toroidal partition function of the theory X with period-

icity along the σ direction twisted by g−1
1 g−1

2 . In field theoretic terms, the multiplication

of (g1 ⊗ g2) corresponds to the modification of the boundary condition on fields at σ = π,

g1φ1g
−1
1 = g2(R(P )φ2)g

−1
2 ,

g2φ2g
−1
2 = g1(R(P )φ1)g

−1
1 .

(2.52)

Assuming that the action of simple currents on fields is also linear and using the notation

g−1φg ≡ R(g)φ it can be written as

R(g−1
1 )φ1 = R(P )R(g−1

2 )φ2,

R(g−1
2 )φ2 = R(P )R(g−1

1 )φ1.
(2.53)

It follows that the field φ defined as in (2.51) satisfies the twisted periodicity, as claimed

above:

φ(σ) = R(g1g2)φ(σ − 2π) = (g1g2)
−1φ(σ − 2π)g1g2. (2.54)

Second, the overlaps of diagonal boundary states in (h⊗h−1)-twisted sector correspond to

path integral over fields of X 2 on a cylinder with the twisted periodicity along t,

φ1(σ, t) = hφ1(σ, t − 2πl)h−1, φ2(σ, t) = h−1φ2(σ, t − 2πl)h. (2.55)

In terms of the field φ this is simply

φ(σ, t) = hφ(σ, t − 2πl)h−1. (2.56)

From these two observations it follows that the diagonal branes of X 2 sitting in twisted

sectors satisfy the formula

h⊗h−1〈Bdiag|e−πH/l(g1 ⊗ g2)|Bdiag〉h⊗h−1
= TrX

g−1
1 g−1

2
[he−2πHl]. (2.57)

By comparing this with (2.48), one can check that the RCFT construction gives the diagonal

branes with the correct property.

We have seen in the previous subsection that the PSS prescription allows to construct

crosscaps corresponding to different parity symmetry. The fundamental diagonal brane

we have studied above should be associated to the fundamental parity P corresponding to

the crosscap |C0〉. The diagonal branes corresponding to other parities are obtained by a

similar argument as was given above. For each representation I of A satisfying the fusion

rule I × Ī 7−→ id, there is a boundary state |B(12)
I 〉 in X 2

|B(12)
I 〉 =

∑

i

SIi

S0i
R(12) |B; i, i〉〉. (2.58)

The fields of the two copies of X are glued via the parity PI . The corresponding diagonal

branes in the orbifold are given by

|B(12),ρ
I 〉orb =

1√
|G|

∑

g,h∈G

(g ⊗ 1)|B(12)
I 〉h⊗h−1

ρ(h), (2.59)
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where ρ(h) is a character of (the double cover of) G, and the boundary states in twisted

sectors are defined as

|B(12)
I 〉h⊗h−1

=
∑

i

SIi

S0i
R(12) |B;h(i), i〉〉eiπQh(I), (2.60)

where the last factor is added so that (g1 ⊗ g2)|B(12)
I 〉h⊗h−1

= |B(12)
g1g2I〉h⊗h−1

is satisfied.

Note that (2.60) in general has doubled periodicity as a function of h, so ρ(h) in (2.59)

should be chosen so that the summand of the right hand side is single valued.

2.4 Permutation crosscaps in orbifolds

Let us next construct permutation crosscaps in orbifolds.2 For an involutive permutation

π ∈ SN and a π-invariant parity PI of XN , PSS’s construction gives us the crosscap state

in XN corresponding to the parity PIπ. To obtain crosscap states in the orbifold XN/G,

one needs crosscaps corresponding to the parities gPIπ (g ∈ G) which map the states of

XN as follows:

gPIπ : a1 ⊗ · · · ⊗ aN → (g1PI1aπ(1)) ⊗ · · · ⊗ (gNPIN
aπ(N)). (2.61)

The permutation crosscaps in XN/G are sums over those in XN ,

|P π,ε
I 〉XN /G =

1√
|G|

∑

g∈G
|gPIπ〉X

N

ε(g), (2.62)

dressed by a character ε(g) of (the double cover of) G satisfying suitable periodicity con-

ditions. The G-invariance of the crosscap state requires ε(ggπ) = 1 for all g ∈ G, but it

does not necessarily require that ε be Z2-valued. Note also that, for the equation (2.62)

to define an involutive parity in the orbifold, PI actually does not have to be involutive; it

only has to square to an element of G.

The π-permuted crosscap states should factorize into pieces representing the cycles of π,

|gPIπ〉 = ⊗[π]
c=1 |gcPIcπc〉, (2.63)

where all the cycles of π are of length one or two because π is involutive. For cycles of

length one we have seen the correspondence (2.35), so it remains to construct the crosscaps

|gPIπ〉 for the cyclic permutation of length two, π = (1 2).

We focus first on the crosscap |gPπ〉 corresponding to the fundamental PSS parity P .

The overlaps of two permutation crosscaps 〈gPπ| and |g̃Pπ〉 correspond to the theory X 2

on a space (σ ∈ [0, π], t ∼ t + 4πl) with boundary conditions

φ1(0, t) = R(P )R(g−1
2 )φ2(0, t − 2πl),

φ2(0, t) = R(P )R(g−1
1 )φ1(0, t − 2πl),

φ1(π, t) = R(P )R(g̃−1
2 )φ2(π, t − 2πl),

φ2(π, t) = R(P )R(g̃−1
1 )φ1(π, t − 2πl).

(2.64)

2The outline of the argument in this subsection was suggested to us by K. Hori.
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As states in the Hilbert space of the theory X 2, the crosscap states 〈gPπ| and |g̃Pπ〉
belong to the sector twisted by gg−1

π = (g1g
−1
2 ⊗ g2g

−1
1 ) and g̃g̃−1

π , respectively. Therefore,

g1g
−1
2 ≡ g̃1g̃

−1
2 for pairs of crosscaps with nonzero overlaps. By arguing in a similar

way to the construction of diagonal branes, one finds that the theory X 2 with boundary

conditions (2.64) is equivalent to the theory X on torus (σ ∼ σ + 2π, t ∼ t + 4πl) with

periodicity,

φ(σ, t) = g1g̃
−1
1 φ(σ − 2π, t)g−1

1 g̃1 = g1g
−1
2 φ(σ, t − 4πl)g2g

−1
1 . (2.65)

The overlaps of permutation crosscaps thus gives the torus partition function of the theory

X ,

〈gPπ|e−πHc/l|g̃Pπ〉 = TrX
g1g̃−1

1
[g1g

−1
2 e−4πHcl]. (2.66)

We need the formula for permutation crosscaps expressed in terms of Ishibashi states

in twisted sectors,

|gPπ〉 =
∑

i

Xi(g1, g2) |Cπ; g1i, g2i〉〉. (2.67)

We determine it by requiring that it has the following overlap with the fundamental diag-

onal brane,

〈Bdiag|e−πHc/2l|gPπ〉 = TrXH
g
−1
2

g
−1
1

[g1e
−2πlH−iπP ] = TrXH

g
−1
2

g
−1
1

[g−1
2 e−2πlH+iπP ], (2.68)

where one should recall

H = L0 + L̄0 −
c

12
, P = L0 − L̄0.

To understand this condition, let us consider the theory X 2 on a strip (0 ≤ σ ≤ π) bounded

by the diagonal brane 〈Bdiag| and its image under the parity gPπ. The partition function

on the Möbius strip is calculated by the path integral of fields φ1,2 of X 2 with the following

boundary condition at σ = 0,

φ1(0, t) = R(P )φ2(0, t),

φ2(0, t) = R(P )φ1(0, t),
(2.69)

and the periodicity along the t-direction,

φ1(σ, t) = R(P )R(g−1
2 )φ2(π − σ, t − 2πl),

φ2(σ, t) = R(P )R(g−1
1 )φ1(π − σ, t − 2πl).

(2.70)

It follows that the boundary condition at σ = π has to be that of (g1 ⊗ g2)|Bdiag〉, (2.53).

Thus the theory X 2 on Möbius strip is equivalent to the theory X on the torus, with the

field φ satisfying the periodicity along the spatial direction (2.54), and the time direction

φ(σ, t) = g−1
2 φ(σ − π, t − 2πl)g2 = g1φ(σ + π, t − 2πl)g−1

1 , (2.71)
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hence the requirement (2.68). We solve it and find

|gPπ〉 =
∑

i

|Cπ; g1i, g2i〉〉 exp πi (2q(g1, g1g2) + 2hg1 + 2hi − hg1i − hg2i)

=
∑

i

|Cπ; g1i, g2i〉〉σg1iσg2i exp πi {q(g1g2, g1g2) + Qg1g2(i)} . (2.72)

The expression for more general permutation crosscaps |gPIπ〉 can be found by study-

ing its overlap with the diagonal brane |Bπ
I 〉. Our final result reads

|gPIπ〉 =
∑

i

SIi

S0i
|Cπ; g1i, g2i〉〉σg1iσg2i exp πi {q(g1g2, g1g2) + Qg1g2(i) + Qg1g2(I)} .

(2.73)

Note that this crosscap has the same periodicity as that of σg1g2(I)σg1g2.

2.5 Parity action on D-branes

The action of parity PIπ on branes in XN is read off from the relation

〈B|qH
t |PIπ〉 = 〈PIπ|qH

t |B′〉. (2.74)

When |B〉 is a σ-permuted brane gluing the a-th holomorphic sector with the σ(a)-th anti-

holomorphic sector, its parity image |B′〉 should glue the π(a)-th antiholomorphic sector

with the πσ(a)-th holomorphic sector. So |B′〉 has to be a σ′ = πσ−1π-permuted brane.

One then finds, using

〈〈B; i1 · · · iN |Rσ−1
qH
t Rπ|C; j1 · · · jN 〉〉 = 〈〈C; j1 · · · jN |Rπ−1

qH
t Rσ′ |B; ı̃1 · · · ı̃N 〉〉, (2.75)

where ı̃a = iσ−1π(a), that the parity acts on boundary states as follows:

〈Bσ
J|qH

t |PIπ〉 = 〈PĪπ|qH
t |Bσ′

J̄
〉 = 〈PIπ|qH

t ω|Bσ′

J̄
〉, (2.76)

where ω is a simple current satisfying ωπωĪ = I. Although there may be several ω’s

satisfying this, there must be a unique ω that determines the action of parity PIπ on D-

branes. For example, for the permutation crosscaps |gPπ〉 made from the fundamental

parity P and g = (g1, · · · , gN ), one finds both from the Möbius strip amplitudes of RCFT

and from a formal field theory argument that

〈Bσ
J|qH

t |Pπ〉 = 〈Pπ|qH
t |Bσ′

J̄
〉 =⇒ 〈Bσ

J|qH
t |gPπ〉 = 〈gPπ|qH

t g|Bσ′

J̄
〉. (2.77)

Note here that the labels J, J̄ denote the sets of representations {Jc}, {J̄c} (c = 1, · · · , [σ]).

Jc and J̄c are for the c-th cycle of σ and σ′, which are conjugate to each other thanks to π

being involutive.

By a similar argument one can derive the action of parity P π,ε
I (2.62) on branes in

orbifold XN/G. We notice that (2.75) relates the bra Ishibashi states in the h-twisted

sector to the ket Ishibashi states in h−1
π -twisted sector. The Möbius strip amplitude of the

orbifold theory,

〈Bσ,ρ
J

|qH
t |P π,ε

I 〉 ∼
∑

g,h

ρ∗(h) · h〈Bσ
J|qH

t |gPIπ〉hε(g) · δh,gg−1
π

, (2.78)
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allows us to read off the parity action on boundary states:

P π,ε
I : |Bσ,ρ

J
〉 7−→ ε(ω)|Bσ′,ρ′

J̄
〉; Ī = ωI, ρ′(hπ) = ρ(h)ε(h)−1. (2.79)

The transformation law of ρ(h) means that the parity P π,ε
I maps states in h-twisted sector

to those in hπ-twisted sector after multiplying ε(h)−1, a fact which follows also from the

construction of permutation parities in orbifold.

The above expression is still somewhat ambiguous because of the subtlety mentioned

after (2.42): we need to specify the first element for each cycle of σ to define Ishibashi

states in twisted sectors unambiguously. If σ = (a1 · · · aN
) is a single cycle and πσ−1π =

(a′
1
· · · a′

N
), then we have to put iaN

= ı̃a′
N

in (2.75) and get

πσ−1π = (a′1 · · · a′N ) = (π(aN ) · · · π(a1)). (2.80)

2.5.1 Parity invariant D-branes

As a future reference, we study the condition of parity-invariance for permutation branes

in more detail. Here we give the condition on the pair (π, σ) in order for the σ-permuted

brane to be invariant under π-permuted orientifold.

Condition for Parity Invariant Branes (PIB) 1. Any pair of permutation π, σ satis-

fying σ = πσ−1π, π2 = id can be decomposed into the following blocks,

(1) σ = (a1a2 · · · a2n+1), π = (a1a2n+1)(a2a2n) · · · (anan+2),

(2) σ = (a1a2 · · · a2n), π = (a2a2n+1)(a2a2n) · · · (anan+2),

(3) σ = (a1a2 · · · a2n), π = (a1a2n)(a2a2n) · · · (anan+1),

(4) σ = (a1 · · · an)(a′1 · · · a′n), π = (a1a
′
n)(a2a

′
n−1) · · · (ana′1).

The simplest block σ = π = id ∈ S1 is a special case of the first type, and σ =

(a1a2), π = id ∈ S2 is the simplest example of the second type. The permutation σ−1π

or its inverse appear in Möbius strip amplitudes as explained in (2.9). Note σ−1π always

squares to identity because of σ = πσ−1π, so it consists of cycles of lengths one or two

only.

In general, the spectrum of open string between identical D-branes contains an identity

representation. The Möbius strip amplitude for parity-invariant boundary states, when

written in the loop channel, should therefore contain an identity character. To check this

explicitly, we need to show

〈Cπ|e−πHc/4l|Bσ〉 ∼ q−
Nc

X
24 + · · · . (q ≡ e−2πl) (2.81)

Here −Nc
X

24 is the energy for the SL(2, R)-invariant ground state. The amplitude can be

written in the tree channel as a sum of the following products of characters,

∏

||σ̃a|| even

χja(
i||σ̃a||

4l )
∏

||σ̃b|| odd

χ̂jb
( i||σ̃b||

4l ) (σ̃ ≡ σ−1 ◦ π),
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where one should recall that each character χja or χ̂jb
corresponds to a cycle of σ̃ of even or

odd length. One can read off the energy E0 of the ground state of the open string Hilbert

space by modular transform,

E0 = −
∑

||σ̃a|| even

c
X

6||σ̃a||
−

∑

||σ̃b|| odd

c
X

24||σ̃a||
.

This saturates the lower bound −Nc
X
/24 iff all the cycles of σ̃ have length one or two.

The four types of parity-invariant boundary states listed above all satisfy this condition.

3. Dirac Fermion and the affine U(1)2 model

In this section we illustrate the construction of permutation branes and orientifolds in the

theory of d Dirac fermions ψ±,a. It is pretty obvious how to construct the boundary or

crosscap states satisfying

(ψ̃
±,π(a)
n + iηψ±,a

−n )|Bπ〉
Yη

= 0,

(ψ̃
±,π(a)
n + iηeiπnψ±,a

−n )|Cπ〉
Yη

= 0,
(Y = NSNS or RR ; η = ±) (3.1)

as Bogolioubov transforms of the vacuum following [40, 41]. On the other hand, one can

construct the same states from the boundary or crosscap states in the affine U(1)d2 model

by a suitable (Z2)
d orbifold. Since the affine U(1)d2 theory or its orbifold is purely bosonic,

one must assign Grassmann parity to the operators and states in a suitable manner to

reproduce the properties of fermions correctly, as we will discuss here in detail. The result

obtained here also has a direct application to Gepner’s construction of superstring theories,

where supersymmetric worldsheet theories are constructed from purely bosonic RCFTs by

the same orbifold.

The affine U(1)k symmetry is generated by the current J = i
√

2k∂X augmented by

spectral flow operators e±i
√

2kX , where X is a canonically normalized chiral scalar field.

There are 2k highest weight representations labelled by a mod 2k integer n corresponding

to the collection of operators eiqX/
√

2k (q = n mod 2k) and their descendants. The U(1)

charge and conformal weight of the operator eiqX/
√

2k are (J0, L0) = (q, q2

4k ). The model at

level k = 2 has four representations labelled by an integer s ∼ s + 4. We denote by ψ the

simple current satisfying the fusion rule ψ(s) = s + 2.

The affine U(1)2 theory is related to the theory of a Dirac fermion by the Z2-orbifolding.

This fact can be seen from the relation of characters: from the characters of the affine U(1)2
algebra,

χs(τ, ν) ≡ Tr[s]q
L0−1/24zJ0/2 = η(τ)−1

∑

l∈Z+s/4

q2l2z2l, (q = e2πiτ , z = e2πiν) (3.2)

one can construct characters of Dirac fermion model,

χ0 ± χ2 = χNS±(τ, ν) = q−
1
24

∏

m≥1

(1 ± zqm− 1
2 )(1 ± z−1qm− 1

2 ),

χ1 ± χ−1 = χR±(τ, ν) = q
1
12 (z

1
2 ± z−

1
2 )

∏

m≥1

(1 ± zqm)(1 ± z−1qm).
(3.3)
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The theory of d Dirac fermions is obtained from the affine U(1)d2 model by orbifolding

by ΓGSO ≡ (Z2)
d generated by the simple currents ψa, with the choice q ≡ 0. The

choice q ≡ 0 does not give a modular invariant torus partition function because it does

not satisfy (2.19), but the modular invariance is recovered by summing over four spin

structures. In RCFT terms, different spin structures arise from (i) restricting to states

for which the eigenvalues of all ψa are aligned, i.e. ψa = 1(∀a) for NSNS sector or (−1)

for RR sector, and (ii) summing over twisted sectors with trivial weight or weighted by a

nontrivial character ε : ΓGSO 7→ Z2 such that ε(ψa) = −1(∀a). It is easy to see that the

orbifold by ΓGSO and summing over spin structures gives the same torus partition function

as the orbifold by a group Γ̃GSO = (Z2)
d−1 of even monomials of ψa. The orbifold group

Γ̃GSO is used in Gepner’s original construction of superstring models [1].

3.1 D-branes

The quartet of boundary states in Dirac fermion theory should be obtained from those in

affine U(1)2 theory by orbifolding,

|B〉
NSNS+

= |B; 0〉〉U(1) + |B; 2〉〉U(1) = 1√
2
(|B0〉U(1) + |B2〉U(1)),

|B〉
NSNS−

= |B; 0〉〉U(1) − |B; 2〉〉U(1) = 1√
2
(|B1〉U(1) + |B−1〉U(1)),

|B〉
RR+

= |B; 1〉〉U(1) + |B;−1〉〉U(1) = 1√
2
(|B0〉U(1) − |B2〉U(1)),

|B〉
RR−

= −i |B; 1〉〉U(1) + i |B;−1〉〉U(1) = 1√
2
(|B1〉U(1) − |B−1〉U(1)).

(3.4)

Here the Ishibashi and Cardy states of the affine U(1)2 theory are related by the standard

formula

|BS〉U(1) =
∑

s

SSs√
S0s

|B; s〉〉U(1), SSs =
1

2
e−iπSs/2. (3.5)

We would like to make sure that the boundary states (3.4) constructed from those in

U(1)2 theory indeed satisfy the boundary conditions on Dirac fermions ψ±(z), ψ̃±(z̄),

(ψ̃±
n + iηψ±

−n)|B〉Y,η
= 0. (3.6)

We first notice that ψ± = e±iX correspond to nothing but the simple current ψ in the

affine U(1)2 theory. It induces invertible maps from Vs to Vs+2 that square to the identity.

There are infinitely many such maps; for example the multiplication of (ψ+
r +ψ−

−r) is easily

seen to square to unity. Pick an arbitrary such map and denote it by Ψ. On closed string

Hilbert space, one can thus consider operators Ψ, Ψ̃ acting on the right and left-moving

sectors respectively. For a suitably chosen basis of orthonormal states, they satisfy

Ψ(|s,M〉 ⊗ |s̃, M̃ 〉) = |s + 2,M〉 ⊗ |s̃, M̃〉,
Ψ̃(|s,M〉 ⊗ |s̃, M̃ 〉) = |s,M〉 ⊗ |s̃ + 2, M̃ 〉(−i)(−)

s−s̃
2 .

(3.7)

where |s,M〉 denotes the M -th state in the representation [s] of affine U(1)2. The phase

factor in the second equation was chosen so that the relations Ψ2 = Ψ̃2 = id, ΨΨ̃+Ψ̃Ψ = 0

hold. The boundary states defined in (3.4) then satisfy

(Ψ̃ ± iΨ)|B〉
NSNS±

= 0, (Ψ̃ ∓ iΨ)|B〉
RR±

= 0, (3.8)
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for any choice of (Ψ, Ψ̃) corresponding to the simple current ψ. We regard this as corre-

sponding to the boundary condition on fermions (3.6).

Let us try to extend the argument to general permutation branes in the theory of d

Dirac fermions. We wish to find a quartet of boundary states in the orbifold U(1)⊗d
2 /(Z2)

d

satisfying the boundary condition

(Ψ̃π(a) ± iΨa)|B〉NSNS± = 0, (Ψ̃π(a) ∓ iΨa)|B〉RR± = 0, (3.9)

for any map Ψ associated to the simple current in U(1)2 model. The operators Ψa, Ψ̃a act

on the states of the a-th U(1)2 theory as (3.7), but we also need to determine how to pass

them through the states of the first (a−1) theories. It should be determined in such a way

that the maps Ψa and Ψ̃a anticommute with one another.

Hereafter we work with the assignment that the state |s,M〉 is Grassmann even when

s = 0 or 1, and otherwise Grassmann odd. This Grassmann parity has to be taken care of

when the states are permuted by operations such as Rπ (2.5) in constructing permutation

branes. In the following discussions, we denote by Rπ the permutation operation with

Grassmann parity taken into account, and by Rπ
◦ the one neglecting the Grassmann parity.

The two operations therefore differ by ± signs when action on general states or operators.

To understand how the effect of Grassmann parity enters into the definition of bound-

ary states, let us consider the simplest permutation brane in two Dirac fermion theory. The

boundary states are sums of states in the untwisted and twisted sectors. The untwisted

part is given by

1

2

(
|B(12)

S 〉U(1)2 +|B(12)
S+2〉U(1)2

)
=

∑

s=0,2

e−
πiSs

2 R
(12)
◦ |B; s, s〉〉=

∑

s=0,2

e−
πiSs

2 (−)
s
2 R(12) |B; s, s〉〉,

1

2

(
|B(12)

S 〉U(1)2−|B(12)
S+2〉U(1)2

)
=

∑

s=±1

e−
πiSs

2 R
(12)
◦ |B; s, s〉〉=

∑

s=±1

e−
πiSs

2 (−)
s+1
2 R(12) |B; s, s〉〉.

(3.10)

These define two NSNS and two RR boundary states. The sign factors (−)
s
2 or (−)

s+1
2 arise

from exchanging states by R(12). The above states with S = 1 can satisfy the boundary

condition (3.9) when suitable states in the twisted sector are added, whereas the states

with S = 0 cannot. The quartet of permutation boundary states is thus given by

|B(12)〉
NSNS±

=
1

2

∑

h∈H
ρ±(h)

(
|B(12)

1 〉h + |B(12)
−1 〉h

)
,

|B(12)〉
RR±

= ±1

2

∑

h∈H
ρ∓(h)

(
|B(12)

1 〉h − |B(12)
−1 〉h

)
, (3.11)

where H = Z2 is the stabilizer group generated by ψ1ψ2, and ρ+ (ρ−) is the trivial (resp.

nontrivial) character of H. They can actually be rewritten in a simple form,

|B(12)〉
NSNS±

= R(12)(|B〉
NSNS±

)⊗2,

|B(12)〉
RR±

= iR(12)(|B〉
RR±

)⊗2. (3.12)

– 22 –



J
H
E
P
0
1
(
2
0
0
7
)
0
8
1

The overlap of the states |B(12)〉
NSNS±

with the ordinary branes |B(1)(2)〉
NSNS±

is always

given by the character of Ramond representation in the loop channel,

NSNS,ε
〈B(1)(2)|e−πH/l|B(12)〉

NSNS,ε′
= χNS−(2i/l) = χR+(il/2). (3.13)

Here the characters are those given in (3.3) with ν set to zero. This is easily seen to be

consistent with the boundary condition on supercurrent.

The construction of branes corresponding to cyclic permutations of lengths N ≥ 3

goes in a similar way. The boundary states are sums of the states |Bπ
S〉h, |Bπ

S+2〉h over the

twists h ∈ (Z2)
N−1 with suitable weights. There are two distinguished weights for which

the boundary conditions on fermions are all appropriately aligned. It also turns out that

one has to choose S = 1 for all spin structures when the cycle has even length.

3.2 Orientifolds

We start with constructing the orientifold of a Dirac fermion theory via Z2 orbifold of

U(1)2 theory. Since the choice q ≡ 0 is somewhat unnatural, our starting formula is (2.32).

Defining the basic parity P by the action (1.5) on Dirac fermions, one can consider the

quartet of parity symmetries εFR ε̃FLP defined by the action on fields on a strip,

(εFR ε̃FLP )ψ±(σ, t)(εFR ε̃FLP )−1 = ε̃e−iπ/2ψ̃±(π − σ, t),

(εFR ε̃FLP )ψ̃±(σ, t)(εFR ε̃FLP )−1 = εe+iπ/2ψ±(π − σ, t).
(3.14)

The quartet of crosscap states is constructed by applying the formula (2.32),

|(−)FLP 〉 ≡ |C〉
NSNS+

= 1√
2
(|C0〉U(1) − i|C2〉U(1))eiβ ,

|(−)FRP 〉 ≡ |C〉
NSNS−

= 1√
2
(|C0〉U(1) + i|C2〉U(1))e−iβ ,

|P 〉 ≡ |C〉
RR+

= 1√
2
(|C1〉U(1) + |C−1〉U(1)),

|(−)F P 〉 ≡ |C〉RR− = 1√
2
(|C1〉U(1) − |C−1〉U(1)),

(3.15)

where the PSS and crosscap Ishibashi states are related by the standard formula

|CS〉U(1) =
∑

s

PSs√
S0s

|C; s〉〉U(1), PSs =
δ
(2)
S,s√
2

e−
iπSs

4 . (3.16)

The normalization was chosen to satisfy

|C〉NSNS± = eiπ(L0±iβ∓ 1
4
)|B〉NSNS± = e±iβ∓ iπ

4 ( |C; 0〉〉U(1) ± i |C; 2〉〉U(1)),

|C〉
RR+

= eiπ(L0− 1
8
)|B〉

RR+
= |C; 1〉〉U(1) + |C;−1〉〉U(1),

|C〉
RR−

= eiπ(L0− 1
8
)|B〉

RR−
= −i |C; 1〉〉U(1) + i |C;−1〉〉U(1).

(3.17)

Note that these relations ensure that the crosscap condition on fermions are automatically

satisfied on the crosscap states.

The arbitrary phase e±iβ in the definition of NSNS crosscaps changes the action of

NSNS parities on RR states uniformly by a factor e±2iβ . Such a renormalization is impor-

tant in constructing orientifolds in superstring theory with real tension. In the following

we work with the choice

β =
π

4
,
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so that the NSNS crosscaps have real overlaps with the ground state.

We next construct the permutation crosscap in the orbifold U(1)⊗2/(Z2)
2 by applying

our general prescription given in the previous section. Our starting formula is an adaptation

of the formula (2.73) to the orbifold of U(1)22 theory with q ≡ 0,

|ψc1
1 ψc2

2 PSπ〉 =
∑

s

SS s+2c2

S0s
R

(12)
◦ |C; s + 2c1, s + 2c2〉〉eiπ(2h2c1+2hs−hs+2c1−hs+2c2), (3.18)

which has the correct overlap (2.68) with the diagonal brane in twisted sectors,

|B(12)
S 〉(ψ1ψ2)c ≡

∑

s

SSs

S0s
R

(12)
◦ |B; s + 2c, s〉〉. (c = 0, 1) (3.19)

By summing over them weighted by appropriate characters of (Z2)
2 we find

|C(12)〉
NSNS±

=
1

2

∑

c1,c2=0,1

|ψc1
1 ψc2

2 P0π〉(±)c1+c2 = R(12)(|C〉
NSNS±

)⊗2,

|C(12)〉
RR±

= ±1

2

∑

c1,c2=0,1

|ψc1
1 ψc2

2 P1π〉(±)c1(∓)c2 = iR(12)(|C〉
RR±

)⊗2.
(3.20)

3.3 Parity action on states

The Möbius strip amplitudes of U(1)2/Z2 theory satisfy

NSNS,ε
〈B|qHc |C〉NSNS± = NSNS∓〈C|qHc |B〉NSNS,ε

,

RR,ε
〈B|qHc |C〉

RR±
=

RR∓
〈C|qHc |B〉

RR,−ε
,

(3.21)

from which one can read off the action of parity on some closed string states. The NSNS

parities map |0 ⊗ 0〉, |2 ⊗ 2〉 to themselves, whereas the RR parities both map | ± 1 ⊗ ∓1〉
to ±i| ∓ 1 ⊗±1〉.

The action of parity can also be found from the Klein bottle amplitudes. For example,

the eigenvalues of (±)F P on RR states are read from

RR∓
〈C|eiπτHc+iπνJ0 |C〉

RR±
= ± iχR−(τ, ν) = ± χR−(τ ′, ντ ′). (τ ′ = −1/τ) (3.22)

The parameter ν plays the role of a regulator to make amplitudes nonzero. In the tree chan-

nel description of Klein bottle, a nonzero ν makes the amplitude finite because eiπνJ0 |C〉RR+

satisfies the rotated crosscap condition,

(ψ̃±
n + ieiπn±2πiνψ±

−n)eiπνJ0 |C〉
RR+

= 0. (3.23)

In the loop channel, ν twists the periodicity of the fermion on the circle as

ψ±(ζe2πi) = −e±2πiνψ±(ζ), ψ̃±(ζ̄e−2πi) = −e∓2πiν ψ̃±(ζ̄), (3.24)

so that their modes ψ±
r , ψ̃±

r satisfy r ∈ Z ∓ ν. This in particular resolves the degeneracy

of RR ground states: |±1⊗±1〉 have L0 = L̄0 = 1
8 ± ν

2 . The one-loop partition sum in
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such a spectral flowed sector should be described by characters with arguments (τ ′, ντ ′).
From (3.22) one finds

(±)F P |+1 ⊗+1〉 = ±|+1 ⊗+1〉,
(±)F P |−1 ⊗−1〉 = ∓|−1 ⊗−1〉.

The action of parity thus found is summarized as follows,

P |0 ⊗ 0〉 = |0 ⊗ 0〉,
? P |0 ⊗ 2〉 = i|2 ⊗ 0〉,
? P |2 ⊗ 0〉 = −i|0 ⊗ 2〉,

P |2 ⊗ 2〉 = −|2 ⊗ 2〉,

P |+1 ⊗+1〉 = |+1 ⊗+1〉,
P |+1 ⊗−1〉 = i|−1 ⊗+1〉,
P |−1 ⊗+1〉 = −i|+1 ⊗−1〉,
P |−1 ⊗−1〉 = −|−1 ⊗−1〉.

(3.25)

The equations with ? are not obtained from Möbius strip nor Klein bottle, and are chosen

by hand so that PΨP = Ψ̃ is satisfied. The analysis of Klein bottles also determines the

action of NSNS parities and various fermion number operators on closed string states. The

fermion numbers FR, FL and F are implicitly defined by the formulae (3.15). The operators

(−)FL,FR take (+1) on both of |0 ⊗ 0〉 and |1 ⊗ 1〉, and their values on other states follow

from the fact that Ψ, Ψ̃ carry the corresponding fermion number. It also turns out that

(−)FL+FR+F = 1 on NSNS states, (−1) on RR states. (3.26)

It is a simple exercise to check the action of permutation parity on closed string states;

the crosscaps |C(12)〉
Y

indeed correspond to the parity Pπ, π = (12) and its three cousins

dressed by fermion number operators. In checking this, note that π gives rise to (±) signs

when permuting the states of two U(1)2’s as (2.61).

4. N = 2 minimal model

In this section we study the permutation branes and orientifolds in products of N = 2

minimal models, which are basic building blocks in Gepner’s construction of worldsheet

theories of superstring. The N = 2 minimal model at level k, which we denote by M(k), is

known to be described as simple N = 2 supersymmetric LG models of a single chiral field

X with superpotential Xk+2 and a Zk+2 symmetry,

γ : X → e
2πi
k+2 X. (4.1)

To construct boundary and crosscap states satisfying suitable conditions on N = 2 super-

currents, we start from the rational minimal model or the coset model

ŜU(2)k ⊗ Û(1)2

/
Û(1)k+2. (4.2)

Since all the constituents are purely bosonic, the construction of boundary or crosscap

states of the section 2 applies without any problem. On the other hand, the above LG

models (which we simply call “N = 2 minimal model”) are known to be described as

different cosets,

M(k) ≡ ŜU(2)k ⊗ (Dirac fermion)
/

Û(1)k+2,
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so these two cosets are related by the same Z2-orbifolding as was discussed in the previous

section.

The representations of rational minimal model are labelled by three integers (l,m, s)

specifying the properties under the affine SU(2)k,U(1)k+2 and U(1)2 respectively. Namely

they take values

0 ≤ l ≤ k, m ' m + 2(k + 2), s ' s + 4.

The labels are further restricted by l + m + s ∈ 2Z, and subject to the field identification

(l,m, s) ' (k − l,m + k + 2, s + 2). Their conformal weight hlms is quadratic in (l,m, s)

modulo integer,

hlms =
l(l + 2) − m2

4(k + 2)
+

s2

8
− θ(l,m, s), θ(l,m, s) ∈ Z. (4.3)

The functions θ(l,m, s) and σlms ≡ eiπθ(l,m,s) are nothing but the improvement of conformal

weight discussed at section 2.2.1 and equations (2.34), (2.35). See [7] for their precise values.

They will be frequently used in constructing crosscap states.

The theory has a U(1) R-symmetry, and the states in the representation (l,m, s) all

have the same R-charge modulo 2Z,

J0 =
m

k + 2
− s

2
(mod 2Z). (4.4)

The representations with l ≡ 0 are simple currents gm,s. They simply shift the m and

s quantum numbers when fused with other representations. The simple current ψ ≡ g0,2

generates the group Z2, and the orbifold of rational models by this Z2 (with q ≡ 0) gives

the N = 2 minimal models. The simple current γ ≡ g2,0, on the other hand, generates the

group Zk+2 which is identified with the phase rotation of the LG field (4.1).

Our aim in this section is to construct quartets of boundary or crosscap states in

minimal models and their products corresponding to different spin structures. In terms of

the worldsheet N = 1 supercurrent they are characterized by

(G̃r ∓ iG−r)|B〉
Y±

= 0,

(G̃r ∓ ieiπrG−r)|C〉Y±
= 0,

{
r ∈ Z + 1

2 (Y = NSNS)

r ∈ Z (Y = RR)
(4.5)

The signs are flipped when the states are multiplied by the operators (−)FR or (−)FL .

In N = 2 SCFTs, one can instead use the operators eiπJ0 or eiπJ̃0 to flip the sign, where

J0, J̃0 are the right, left-moving R-charges. Moreover, the NSNS and RR states are related

by spectral flow. Let us denote by U a combination of left-right spectral flows acting on

the generators of two N = 2 SCAs as

UJnU−1 = Jn + ĉ
2δn,0,

UJ̃nU−1 = J̃n − ĉ
2δn,0,

UG±
n U−1 = G±

n±1/2,

UG̃±
n U−1 = G̃±

n∓1/2,

ULnU−1 = Ln + 1
2Jn + ĉ

8δn,0,

UL̃nU−1 = L̃n − 1
2 J̃n + ĉ

8δn,0.
(4.6)

U maps a closed string state in Vl,m,s⊗Vl,m̃,s̃ to a state in Vl,m+1,s+1⊗Vl,m̃−1,s̃−1. It is easy

to see that U or Ue−iπJ0/2 map the NSNS solutions of boundary or crosscap conditions to
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RR solutions. We assign a phase ϕ to each of the quartet states as follows,

U |B〉
NSNS+

= |B〉
RR+

e−iπϕ(B),

Ue−iπJ0/2|C〉
NSNS+

= |C〉
RR+

e−iπϕ(C). (4.7)

In type II superstring theory, the phase ϕ of D-branes and orientifolds characterizes the

unbroken spacetime N = 1 supersymmetry.

4.1 Boundary and crosscap states

Boundary or crosscap states |BL,M,S〉, |C0,M,S〉 in rational minimal models are constructed

from Ishibashi states |B; l,m, s〉〉, |C; l,m, s〉〉 in the standard way. The Z2-orbifolding re-

organizes them into solutions of suitable boundary or crosscap conditions on supercurrent.

For boundary states, we define the Ishibashi states solving the boundary conditions on

supercurrents as follows,

|B; l,m〉〉
NSNS±

= |B; l,m, 0〉〉 ± |B; l,m, 2〉〉,
|B; l,m〉〉

RR+
= |B; l,m, 1〉〉 + |B; l,m,−1〉〉,

|B; l,m〉〉
RR−

= −i |B; l,m, 1〉〉 + i |B; l,m,−1〉〉,
(4.8)

whereas for crosscaps the appropriate combinations of Ishibashi states are

|C; l,m〉〉
NSNS±

= eπi(L0−hlm0)σlm0 |B; l,m〉〉
NSNS±

,

|C; l,m〉〉RR± = eπi(L0−hlm1)σlm1 |B; l,m〉〉RR± ,
(4.9)

where σlms ≡ eiπθ(l,m,s) is given at (4.3), or more explicitly

|C; l,m〉〉
NSNS±

= σlm0 |C; l,m, 0〉〉 ± iσlm2 |C; l,m, 2〉〉,
|C; l,m〉〉RR+ = σlm1 |C; l,m, 1〉〉 + σlm−1 |C; l,m,−1〉〉,
|C; l,m〉〉

RR−
= −iσlm1 |C; l,m, 1〉〉 + iσlm−1 |C; l,m,−1〉〉.

(4.10)

The D-branes and orientifolds in N = 2 minimal model are given by a sum over Z2-orbit

of rational boundaries or crosscaps [7, 12]. In terms of the above Ishibashi states they read

|BL,M 〉Y =
1

2

∑

l,m

S lm
LM√
Slm

00

|B; l,m〉〉Y ,

|CM 〉
Y

=
β

M,Y

2

∑

(l,m)

P lm
0M√
S lm

00

|C; l,m〉〉
Y

=
1

2

∑

(l,m)

P lm
k,M+k+2√

S lm
00

|C; l,m〉〉
Y
,

β
M,NSNS±

= ∓i(−)
M
2 , β

M,RR±
= (−)

M±1
2 . (4.11)

Here (l,m) runs over integers 0 ≤ l ≤ k, m ∼ m + 2k + 4. The S and P matrices are twice

the product of those of SU(2)k and (U(1)k+2)
∗ theories,

Sll′ =
√

2
k+2 sin π (l+1)(l′+1)

k+2 , Smm′ = 1√
2k+4

e
iπmm′

k+2 ,

Pll′ =
√

4
k+2δ

(2)
k+l+l′ sin π (l+1)(l′+1)

2k+4 , Pmm′ =
δ
(2)

k+m+m′√
k+2

e
iπmm′

2k+4 .
(4.12)
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The coefficients β
M,Y

are introduced mainly for later convenience, but it also has some

physical significances. For one thing, they make the states |CM 〉
NSNS±

periodic and |CM 〉
RR±

anti-periodic under M → M + 2k + 4, so that the shift of M by 2k + 4 is regarded as the

orientation flip. It also preserves the action of simple current γ on crosscap states, so we

have

γ|BL,M 〉
Y

= |BL,M+2〉Y , γ|CM 〉
Y

= |CM+4〉Y . (4.13)

The spectral flow U for N = 2 minimal models is identified with the fusion with the simple

current g1,1. The boundary and crosscap states of minimal model are then shown to form

the following quartets,

(1 + eiπJ0)(1 + eiπϕ(BL,M )U)|BL,M 〉NSNS+ = |BL,M 〉NSNS+ + |BL,M+1〉NSNS−

+|BL,M〉RR+ + |BL,M+1〉RR− ,

(1 + eiπJ0)(1 + eiπϕ(CM )Ue−
iπJ0

2 )|CM 〉
NSNS+

= |CM 〉
NSNS+

+ |CM+2〉NSNS−

+|CM−1〉RR+
+ |CM+1〉RR−

, (4.14)

with ϕ(BL,M ) = M
k+2 , ϕ(CM ) = M−1

2k+4 + 1
2 .

4.1.1 Boundary states in gk+2,2 twisted sector

When k is even, the boundary states with L = k/2 are fixed by gk+2,2 ≡ η. We define the

boundary states sitting in η-twisted sector [12],

|B̃k/2,M,S〉η =
1

2

∑

(ms)

S̃
k/2 ms

k/2 MS√
S

k/2 ms
000

|B; k
2 ,m, s〉〉η ,

S̃
k/2 ms

k/2 MS = 2SMmSSse
− iπ

2
(M−S+m−s). (4.15)

The boundary conditions on supercurrent are solved by the following linear combinations

of Ishibashi states,

|k2 ,m〉〉η
NSNS+

= |k2 ,m, 0〉〉η − |k2 ,m, 2〉〉η ,
|k2 ,m〉〉η

NSNS−
= i |k2 ,m, 0〉〉η + i |k2 ,m, 2〉〉η ,

|k2 ,m〉〉η
RR+

= i |k2 ,m, 1〉〉η − i |k2 ,m,−1〉〉η ,

|k2 ,m〉〉η
RR−

= i |k2 ,m, 1〉〉η + i |k2 ,m,−1〉〉η .

(4.16)

Note the sign difference in taking linear combinations as compared to (4.8) due to the

difference in Grassmann parity. The corresponding quartet of boundary states is given by

|Bk/2,M 〉η
Y

=
1

2

∑

m

S̃
k/2 m

k/2 M√
S

k/2 m
00

|B; k
2 ,m〉〉η

Y
, (4.17)

where

S̃
k/2 m

k/2M = 2SMme−
iπ
2

(M+m). (4.18)

After the orbifold by Z2 is taken, there is no distinction in labelling the twisted sector

by gk+2,2 or gk+2,0. We therefore use the symbol η for the simple current gk+2,0 in what

follows.
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4.1.2 Tension and charge

The tension and RR charges of D-brane and orientifolds are given by the overlaps of the

boundary or crosscap states with the NSNS and RR vacua. We denote the NSNS chiral

primary states and RR ground states as,

|l
NS
〉 = |(l, l, 0) ⊗ (l,−l, 0)〉, |l

R
〉 = |(l, l + 1, 1) ⊗ (l,−l − 1,−1)〉. (4.19)

The overlaps of these states with boundary or crosscap states read [12]

〈l
R
|BL,M 〉

RR+
= e

iπM
k+2 · 〈l

NS
|BL,M 〉

NSNS+
=

e
iπM(l+1)

k+2 sin π(L+1)(l+1)
k+2√

k+2
2 sin π(l+1)

k+2

,

〈lR |C2m−1〉RR+ = e
iπ(2m−l−1)

2k+4
+ iπ

2 · 〈lNS |C2m〉NSNS+

=





〈l
R
|Bk

2
, 2m+k+1−(−)m

2

〉
RR+

(k even),

〈l
R
|Bk+(−)m

2
, 2m+k+1

2

〉
RR+

(k odd).
(4.20)

Tensions are therefore given by

〈0
NS
|BL,M 〉

NSNS±
= T0 sin π(L+1)

k+2 ,

〈0
NS
|C2m〉

NSNS±
=

{
T0e

− iπ(−)m

2k+4 , (k even)

T0 cos π
2k+4 , (k odd)

(4.21)

where T0 =
(

k+2
2 sin π

k+2

)− 1
2
.

4.1.3 Parity action on closed string states

Klein bottle amplitude gives a lot of information on the action of parity on closed string

states in minimal model or its orbifolds. We take an arbitrary orbifold group Γ ⊂ Zk+2

and consider orientifolds in the orbifold,

|CM,r〉Y =
1√
|Γ|

∑

γν∈Γ

|CM+2ν〉Y exp
(
−2πiνr

k+2

)
. (4.22)

The parameter r labels the dressing by quantum symmetry that multiplies phases to differ-

ent twisted sectors, and 2r has to be even for NSNS states and odd for RR states because

of the (anti-)periodicity of the crosscap states in M . The parity PM,r corresponding to

|CM,r〉RR+
, as well as its cousins, are in general all non-involutive and square to some

quantum symmetry. The action of PM,r on closed string states has to be of the form

PM,r|(l,m, s) ⊗ (l, m̃, s̃)〉 = |(l, m̃, s̃) ⊗ (l,m, s)〉 exp
(

iπ(m̃+m)2r+iπ(m̃−m)M
2k+4

)
ps,s̃. (4.23)

The Klein bottle amplitudes show that this is indeed the case, and moreover ps,s̃ are given

by
p0,0 = p1,1 = 1,

p2,2 = p−1,−1 = −1,

p0,2 = p1,−1 = −i,

p2,0 = p−1,1 = i.
(4.24)
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The other three crosscaps with Y = NSNS±, RR− are corresponding to the parity PM,r

combined with the fermion numbers (−)FL,FR,F satisfying (3.26). Comparisons of various

Klein bottle amplitudes determine the values of these fermion numbers; the states with

s = s̃ = 0 or 1 have (−)FR = (−)FL = 1, and their values on other states follow from the

obvious rules.

Using these results one can derive the action of parity on boundary states. For those

in the untwisted sector we have

(−)FLPM̄ ,r|BL,M 〉
NSNS±

= |BL,M̄−M 〉
NSNS±

,

PM̄ ,r|BL,M 〉
RR±

= −|BL,M̄−M 〉
RR∓

.
(4.25)

This agrees with the transformation law obtained from Möbius strip amplitudes (1.7). The

boundary states in η-twisted sector are transformed as follows:

(−)FLPM̄,r|Bk/2,M 〉η
NSNS±

= ∓ieiπr|Bk/2,M̄−M 〉η
NSNS±

,

PM̄,r|Bk/2,M 〉η
RR±

= eiπr|Bk/2,M̄−M 〉η
RR∓

.
(4.26)

4.2 Permutation branes

It is straightforward to construct permutation branes in the tensor products of N minimal

models. We start by the permutation boundary states in the product of N rational minimal

model and take (Z2)
N -orbifold. We give the expression for those corresponding to the cyclic

permutation of length N , i.e. π = (12 · · ·N).

|B(12···N)
L,M 〉

Y
≡ αY

2

∑

l,m

S lm
LM

(S lm
00 )N/2

R(12···N) |B; (l,m)⊗N 〉〉
Y
,

α
NSNS±

= 1, α
RR±

= iN−1. (4.27)

Recalling the case of U(1)2 where we have to sum over rational boundary states of odd

S-labels when N is even, we find that the labels (L,M) obey

(N odd) =⇒ L + M = (even)

L + M = (odd)

for NSNS+,RR+ states,

for NSNS−,RR− states,

(N even) =⇒ L + M = (odd) for all states,

The simple current ⊗aγ
νa
a shifts their M -label by 2

∑
a νa. In particular, the simple currents

with
∑

a νa = 0 mod (k + 2) fix the boundary states. The states |B(1···N)
L,M 〉

Y+
, |B(1···N)

L,M+N 〉
Y−

form a quartet with the phase ϕ = M
k+2 + 1−N

2 .

The RR charges of permutation branes are given by the overlaps with the states |l⊗N
R

〉,

〈l⊗N
R

|B(12···N)
L,M 〉

RR+
=

sin π(L+1)(l+1)
k+2 e

iπM(l+1)
k+2

+
iπ(1−N)

2

(k+2
2 )1−

N
2 (sin π(l+1)

k+2 )N/2
. (4.28)

The tension is given by

〈0⊗N
NS

|B(12···N)
L,M 〉

NSNS+
= (k+2

2 )
N
2
−1(sin π

k+2)−
N
2 sin π(L+1)

k+2 . (4.29)
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4.3 Permutation orientifolds

Here we construct the permutation crosscaps for tensor products of two identical minimal

models through the (Z2)
2-orbifold procedure. Denoting by ψ1,2 the simple currents g0,2 in

the two copies of minimal model, we sum over the following crosscaps (with π = (1 2))

|ψc1
1 ψc2

2 PM,Sπ〉 =
1

2

∑

l,m,s

S lm s+2c2
0MS

S lms
000

Rπ
◦ |C; (l,m, s + 2c1), (l,m, s + 2c2)〉〉

× exp iπ {2h0,0,2c1 + 2hl,m,s − hl,m,s+2c1 − hl,m,s+2c2} (4.30)

with appropriate weight to obtain

|Cπ
M 〉

NSNS±
=

1

2

∑

ci=0,1

|ψc1
1 ψc2

2 PM,0π〉(±)c1+c2 =
1

2

∑

l,m

S lm
0M

S lm
00

Rπ |C; (l,m)⊗2〉〉
NSNS±

|Cπ
M 〉

RR±
= ±1

2

∑

ci=0,1

|ψc1
1 ψc2

2 PM,1π〉(±)c1(∓)c2 =
i

2

∑

l,m

S lm
0M

S lm
00

Rπ |C; (l,m)⊗2〉〉
RR±

.

(4.31)

Note that M is even for NSNS states and odd for RR states. One can furthermore con-

sider the parities γν1
1 γν2

2 PM,S which are non-involutive for general ν1,2. The corresponding

crosscap states are obtained by applying the formula (2.73),

|Cπ
M+2ν1,M+2ν2

〉
Y

=
α

Y

2

∑

l,m

S l,m+ν1+ν2

0,M+ν1+ν2

S lm
00

Rπ |C; (l,m + 2ν1), (l,m + 2ν2)〉〉Y . (4.32)

Here αNSNS± = 1, αRR± = i.

We thus constructed the crosscap states |C(12)
M1,M2

〉 for different spin structures; the

labels M1,2 are both even and periodic under (2k +4)-shift for NSNS crosscaps, while they

are both odd and anti-periodic for RR crosscaps. The simple current γν1
1 γν2

2 shifts both of

the labels M1,M2 by 2ν1 + 2ν2. They are organized into quartets satisfying

(1 + eiπJ0)(1 + eiπϕUe−iπJ0/2)|C(12)
M1,M2

〉
NSNS+

= |C(12)
M1,M2

〉
NSNS+

+ |C(12)
M1+2,M2+2〉NSNS−

(4.33)

+|C(12)
M1−1,M2−1〉RR+

+ |C(12)
M1+1,M2+1〉RR−

,

with ϕ = M1+M2−2
2k+4 − 1

2 . The RR charges and tension are given by

〈l⊗2
R

|C(12)
M−1,M−1〉RR+ = 〈l⊗2

R
|B(12)

0,M−1〉RR+ = e
iπ(M−1)(l+1)

k+2
− iπ

2 ,

〈0⊗2
NS

|C(12)
M,M〉

NSNS+
= 〈0⊗2

NS
|B(12)

0,M 〉
NSNS+

= 1. (4.34)

The permutation crosscaps with M1 6= M2 are tensionless, but they have nonzero overlaps

with RR vacua sitting in twisted sectors. Let us define

|ltw
R
〉 ≡ |(l, l + 1, 1) ⊗ (l, l + 1, 1)〉. (4.35)

Then one finds

〈(k − l)tw
R

⊗ ltw
R
|C(12)

M,M+2l+2〉RR+
= − i. (4.36)
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5. Gepner models

We apply the results of the preceding sections to the construction of permutation D-branes

and orientifolds in Gepner models, which are type II superstring theories defined from

orbifolds of products of N = 2 minimal models and affine U(1)2 models [1].

Gepner’s original construction of the models starts with a product of r rational minimal

models and d copies of affine U(1)2 models, and then takes its orbifold by a group of simple

currents. A subgroup Γ̃GSO ' (Z2)
r+d−1 of this orbifold is formed by even monomials of

the simple currents ψ1, · · · , ψr+d discussed in previous sections that shift the s quantum

numbers by two. As we have reviewed in detail in the previous sections, this is equivalent

to taking the product of r N = 2 minimal models and d Dirac fermions and then summing

over spin structures. For constructing D-branes and orientifolds, this just amounts to

taking the product of boundary or crosscap states with the sector index Y aligned. In this

way one can focus on the r minimal models describing the internal manifold separately

from the part describing the noncompact spacetime.

It only remains to explain the “rest” of the Gepner’s orbifold group. Gepner models

describe the CFT on certain Calabi-Yau D-folds at special points in the moduli space in

terms of orbifolds of products of r minimal models. The central charges of constituent

minimal models therefore add up to 3D,

r∑

a=1

3ka

ka + 2
= 3D. (5.1)

We also assume without losing generality that

r − D = even, (5.2)

since we can add minimal models with k = 0. The product of minimal models is orbifolded

by Γ = ZH (H ≡ lcm(ka + 2)) generated by γ
(A)

≡ ∏r
a=1 γa to ensure the integrality of

R-charge. The orbifold is taken according to the standard simple current prescription of

section 2.2 with

q(γa, γb) =
δab

ka + 2
.

Gepner model ⊗r
a=1M(ka)/Γ is mirror to a different orbifold ⊗r

a=1M(ka)/Γmir, where

Γmir ≡
{

∏
aγ

ma
a ;

∑

a

ma

ka + 2
∈ Z

}
. (5.3)

In particular, B-branes (B-type orientifolds) in the original Gepner model are mirror of the

A-branes (A-type orientifolds) in the mirror Gepner model and vise versa.

Examples. We denote various Gepner models by the set of integers (ka + 2). Two main

examples of Gepner models we discuss in this paper are the model (55555) corresponding

to a quintic hypersurface in CP4, and (88444) corresponding to an octic hypersurface in

weighted projective space WCP4
1,1,2,2,2. These models have been extensively studied because

of small h1,1 of the corresponding Calabi-Yau spaces.
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We describe the D-branes or orientifolds in superstring theory by suitable linear com-

binations of quartet states of the worldsheet CFT,

2|B〉 = |B〉
NSNS+

− |B〉
NSNS−

+ |B〉
RR+

− |B〉
RR−

,

2|C〉 = −i|C〉
NSNS+

+ i|C〉
NSNS−

+ |C〉
RR+

− |C〉
RR−

.
(5.4)

Here the quartet states are given by the products of the states from the internal and

spacetime CFTs,

|B〉Y = |B〉int
Y

⊗ |B〉st
Y
, |C〉Y = |C〉int

Y
⊗ |C〉st

Y
. (5.5)

The spacetime parts |B〉st
Y
, |C〉st

Y
contain the fields for R2d+2 as well as ghosts [40, 2], and

are normalized to produce consistent one-loop amplitudes. In particular, they satisfy

(−)FL |B〉
Y+

= |B〉
Y−

, (−)FL |C〉
Y+

= |C〉
Y−

,

|C〉
Y

= 2d+1 exp iπ(L0 − hst
Y
)|B〉

Y
. (hst

NS
= −1

2 , hst
R

= d−4
8 ) (5.6)

The normalization of the internal parts are fixed from the integrality of various one-loop

amplitudes. Alternatively, it is determined by requiring that the NSNS states |B〉int
NSNS±

,

|C〉int
NSNS±

have real overlaps with the ground state of the internal CFT. Such overlaps

appear as coefficients of the dilaton tadpole and are regarded as the tensions of D-branes

or orientifolds. The overlaps with various RR ground states measure the RR charges. The

sign flip of the RR part of |B〉 or |C〉 therefore gives anti-D-branes or anti-orientifolds.

One can compute cylinder, Möbius strip and Klein bottle amplitudes between various

D-branes and orientifolds as overlaps of the states |B〉 and |C〉. In doing this, remember

that the simple dagger of a ket state for a D-brane or orientifold gives a bra state for

anti-D-brane or anti-orientifold.

Tadpole cancellation. Consistent configurations of D-branes Bi and orientifold C in

superstring theory must be free of RR tadpoles [40, 41], namely, the tadpole state

|T〉 = |C〉 +
∑

i

|Bi〉, (5.7)

must not have any overlaps with massless RR scalar states. The non-vanishing tadpoles

of massless NSNS scalars do not lead to inconsistency [42]. However, the absence of RR

tadpoles automatically guarantees that NSNS tadpoles also vanish if the configuration of

D-branes and orientifolds preserves a spacetime supersymmetry. The spacetime N = 2

supersymmetry is related to worldsheet spectral flows in the left and right-moving sectors,

and the phase ϕ (4.7) determines the N = 1 supersymmetry unbroken by the branes or

orientifolds. So |T〉 preserves spacetime supersymmetry if all the boundary and crosscap

states in |T〉 are labelled by one and the same phase ϕ.

The absence of NSNS tadpoles for supersymmetric tadpole-free configurations is shown

by noticing that the massless NSNS and RR states are related to the chiral primary and
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RR ground states in the internal CFT, and are therefore paired up by spectral flow. For

each of such pairs we can show

〈l
R
|Bi〉

〈l
NS
|Bi〉

= exp iπϕ,

〈l
R
|C〉

〈l
NS
|C〉 = i exp iπ

[
ϕ − 1

2J int
0 (lNS) − {Lst

0 (lNS) − (hst
0 )NS}

]
= exp iπϕ. (5.8)

Here we used 1
2J int

0 +Lst
0 = Lint+ st

0 = 0 for the state l
NS

of our interest, and chose a suitable

normalization for lR . It immediately follows from this that

RR〈l|T〉 = eiπϕ
NSNS〈l|T〉, (5.9)

for tadpole states |T〉 preserving spacetime supersymmetry characterized by the phase ϕ.

Remark. in our convention (2.1) of boundary or crosscap conditions, the N = 2 super-

currents G± are glued to G̃± along the A-branes or A-type orientifolds though they are

usually called B-type conditions.

5.1 Permutation D-branes in Gepner models

We turn to construct and classify permutation branes in Gepner models. They were con-

structed in [16] and studied in [21 – 25]. Here we give a construction of them based on

the simple current orbifold prescription, paying particular attention to those labelled by

L = k/2 which require a special care. We study the A-type branes first, and then study

the B-type branes using the mirror description.

5.1.1 A-branes

A-branes in Gepner models are labelled by a permutation π and (Lc,Mc) with c = 1, · · · , [π],

where [π] denotes the number of cycles in π and ||πc|| the length of the cycle πc. The branes

with trivial stabilizer group are simply given by summing over ZH-images,

|BA,π
L,M〉 =

1√
H

∑

ν∈ZH

|Bπ
L,γν

(A)
(M)〉 ≡ 1√

H

∑

ν∈ZH

⊗[π]
c=1|Bπc

Lc,Mc+2ν||πc||〉. (5.10)

Here and in the following the index for spin structure will be suppressed whenever possible.

The label (L,M) contains some redundancy because different values of M related by ZH-

shifts label the same D-brane, and the following change of the label (L,M)

Fc : (· · ·Lc · · · ; · · ·Mc · · ·) → (· · · kc − Lc · · · ; · · ·Mc + kc + 2 · · ·), (5.11)

maps |BA,π
L,M〉 to its anti-brane.

Some A-branes with special choices of π or L have nontrivial stabilizer groups. The

boundary state (5.10) are invariant under γH′

(A)
(H ′ < H) if

H ′||πc||
kc + 2

∈ Z for all c. (5.12)
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Such branes should be defined as sums over twists as well as over images. Moreover, if H ′

is even, the boundary states are invariant also under γH′/2
(A)

if

Lc =
kc

2
for all c such that w′

c ≡
H ′||πc||
kc + 2

is odd. (5.13)

These D-branes are generalization of short-orbit branes discussed in detail in [12]. To see

how the enhancement of the stabilizer occurs, note first that γH′/2
(A)

shifts Mc by kc +2 when

w′
c is odd, and acts trivially on other Mc’s. Therefore, with the help of the maps Fc, γH′/2

(A)

maps the brane satisfying (5.13) to itself or its antibrane depending on how many of w′
c

are odd. Since there are always an even number of odd w′
c under the condition (5.2) the

branes satisfying (5.13) are always mapped to themselves by γH′/2
(A)

.

To write down the branes with nontrivial stabilizers, we first introduce the boundary

states in twisted sectors of the product of N minimal models following (2.41) and (2.42),

|B(12···N)
L,M 〉(µ)

Y
=

α
Y

2

∑

l,m

S lm
LM

(Slm
00 )N/2

|B(12···N); l,m〉〉(µ)
Y

,

|B(12···N); l,m〉〉(µ)
Y

= R(12···N) |B; (l,m + 2µ) ⊗ (l,m + 4µ) ⊗ · · · ⊗ (l,m)〉〉
Y
. (5.14)

Here α
Y

is defined in (4.27). The label of twisted sectors µ satisfies µN ∈ (k + 2)Z. When

the level k is even and µN ∈ (k + 2)(Z + 1
2), we define

|B̃(12···N)
k/2,M 〉(µ)

Y
=

α
Y

2

∑

l,m

S̃
k/2 m

k/2M

(S
k/2,m
00 )N/2

|B̃(12···N); k
2 ,m〉〉(µ)

Y
, (5.15)

|B̃(12···N); k
2 ,m〉〉(µ)

Y
= R(12···N) |B; (k

2 ,m + 2µ) ⊗ (k
2 ,m + 4µ) ⊗ · · · ⊗ (k

2 ,m + k + 2)η〉〉Y .

The tilde will be omitted in what follows unless we need to distinguish the states (5.15)

from (5.14). The boundary states invariant under γh
(A)

(hH ′ = H) take the form

|BA,π,ρ
L,M 〉 ≡ 1√

H

∑

ν∈Zh, µ∈ZH′

⊗[π]
c=1|Bπc

Lc,Mc+2ν||πc||〉
(µh) exp

(
2πiρµh

H

)
. (5.16)

Here ρ ∈ ZH′ specifies a character of the stabilizer group.

Example 1: (55555)

The π-permuted boundary states have nontrivial stabilizer when
∏

a∈πc
γa = 1 for

all cycles of π, namely, all the cycles of π have the lengths divisible by 5. Therefore,

π = (12345) is up to conjugation the only case with nontrivial stabilizer H = Z5. The

untwisted stabilizer is H itself, so the boundary states are sums over Z5-twists.

Example 2: (88444)

There are D-branes with various stabilizer groups. Generic non-permuted A-branes

do not have stabilizers, while those with L1 = L2 = 3 are invariant under γ4
(A)

. Generic

π-permuted A-branes are invariant under γ4
(A)

when π permutes a = 1, 2. Some of such

D-branes are invariant under γ2
(A)

if their L-labels satisfy (5.13). For all these cases, the

untwisted stabilizer agrees with the stabilizer itself.
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π H (generator) U (generator)

(1)(2)(3)(4)(5) 1 1

(12)(3)(4)(5) Z5 (γ1γ
4
2) Z5 (γ1γ

4
2)

(12)(34)(5) (Z5)
2 (γ1γ

4
2 , γ3γ

4
4) (Z5)

2 (γ1γ
4
2 , γ3γ

4
4)

(123)(4)(5) (Z5)
2 (γ1γ

4
2 , γ2γ

4
3) 1

(123)(45) (Z5)
3 (γ1γ

4
2 , γ2γ

4
3 , γ4γ

4
5) Z5 (γ4γ

4
5)

(1234)(5) (Z5)
3 (γ1γ

4
2 , γ2γ

4
3 , γ3γ

4
4) Z5 (γ1γ

4
2γ3γ

4
4)

(12345) (Z5)
4 (γ1γ

4
2 , γ2γ

4
3 , γ3γ

4
4 , γ4γ

4
5) 1

Table 1: B-branes of the model (55555) and their stabilizer H, untwisted stabilizer U .

5.1.2 B-branes

We would like to study B-branes in Gepner model using the mirror description with the

orbifold group Γmir of (5.3). The label of D-branes consists of a permutation π and quan-

tum numbers (Lc,Mc) (c = 1, · · · , [π]), as well as a character of its untwisted stabilizer

group. Since the label M has a large redundancy due to the shifts by elements of Γmir, we

sometimes use

M ≡
[π]∑

c=1

mcwc

(
wc ≡

H

kc + 2

)
, (5.17)

There is also a map Fc (5.11) that sends a brane to its antibrane.

In mirror Gepner model there are indeed branes with different (untwisted) stabilizer

groups. We first focus on generic permutation branes with none of Lc coinciding with kc/2.

They start to have nontrivial stabilizer group as soon as π becomes nontrivial. If π contains

a cycle πc = (1 2 · · ·N), then all the π-permuted branes are fixed by (Zkc+2)
N−1,

H ⊃ (Zkc+2)
N−1 ≡ {γν1

1 γν2
2 · · · γνN

N |
∑

i

νi ∈ (kc + 2)Z}.

So the generic π-permuted branes have stabilizer H = ⊗[π]
c=1(Zkc+2)

||πc||−1.

By analyzing its action on twisted sectors using (2.44), one finds that none of the the

stabilizer (Zkc+2)
N−1 contributes to the untwisted subgroup U for odd N , while a Zkc+2

subgroup generated by γ1γ
−1
2 · · · γ−1

N contributes to U for even N . As an example we list

the permutation B-branes of the model (55555) with their (untwisted) stabilizers in the

table below.

The permutation branes with nontrivial untwisted stabilizers are made from permuta-

tion boundary states |B(12···N),ρ
L,M 〉 in the orbifold M(k)N/Γmir, where N is even and

Γmir = (Zk+2)
N−1 = {γν1

1 · · · γνN

N |
∑

νa = 0 mod (k + 2)}. (5.18)

The label ρ specifies a character of the untwisted stabilizer Zk+2 generated by γ1γ
−1
2 · · · γ−1

N .
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We find it convenient to define the boundary states in terms of Ishibashi states as

|B(12···N),ρ
L,M 〉

Y
=

1√
k + 2

∑

ν

exp
(

2πiρν
k+2

) ∑

l,m

α
Y

2

S lm
LM

(Slm
00 )N/2

×R(12···N) |B; (l,m + ν) ⊗ (l,m − ν) ⊗ · · · ⊗ (l,m − ν)〉〉
Y
, (5.19)

where α
Y

is defined in (4.27). It is easy to check the following,

|B(12···N),ρ
L,M 〉 = |B(2···N1),−ρ

L,M 〉, γa|B(12···N),ρ
L,M 〉 = |B(12···N),ρ

L,M+2 〉. (5.20)

However, due to the non-standard definition of the Ishibashi states in twisted sectors, ρ

has to be integer or half-odd integer depending on whether M is even or odd. One also

finds

|B(12···N), ρ
L,M 〉

NSNS±
= |B(12···N), ρ+ k+2

2
k−L,M+k+2 〉

NSNS±
,

|B(12···N), ρ
L,M 〉

RR±
= −|B(12···N), ρ+ k+2

2
k−L,M+k+2 〉

RR±
.

(5.21)

As an example, the permutation B-branes in (55555) model for π = (12)(34) is given by

|BB,(12)(34), ρ, ρ′′

L,M 〉 =
1

5

∑

ν+ν′+ν′′∈5Z

|B(12), ρ
L,M+2ν〉 ⊗ |B(34), ρ′

L′,M ′+2ν′′〉 ⊗ |B(5)
L′′,M ′′+2ν′′〉. (5.22)

Next we discuss the enhancement of stabilizer group when some of kc are even and

Lc = kc/2. A permutation brane labelled by π and {L1, · · · , L[π]} is invariant under the

following simple currents

(i) γaγ
−1
b (a, b are in the same cycle)

(ii) ηaηb (a, b are in cycles labelled by L = k/2).
(5.23)

So the stabilizer group for a permutation brane gets enhanced by (Z2)
n−1 if n (≥ 2) cycles

of π are labelled by Lc = kc/2. The L-label of B-branes is called special (or generic) if two

or more (resp. at most one) of Lc coincide with kc/2.

It is a little intricate to find out the untwisted stabilizer for these short-orbit branes.

For the D-branes with π = id and La = ka/2 for a = 1, · · · , n, the boundary states in

twisted sectors should be expressed as products of |Bka/2,Ma
〉
Y

and |Bka/2,Ma
〉ηa

Y
. However,

the action of η = γ
k+2
2 on boundary states in the untwisted and η-twisted sectors differ by

a sign,

η|Bk/2,M 〉
NSNS±

= +|Bk/2,M 〉
NSNS±

,

η|Bk/2,M 〉
RR±

= −|Bk/2,M 〉
RR±

,

η|Bk/2,M 〉η
NSNS±

= −|Bk/2,M 〉η
NSNS±

,

η|Bk/2,M 〉η
RR±

= +|Bk/2,M 〉η
RR±

.
(5.24)

So the only states invariant under all the elements (ii) of the stabilizer group (5.23) are

those in the untwisted sector and (η1 · · · ηn)-twisted sector. The latter exists only when n

is even. The untwisted stabilizer for non-permuted branes is given by

U =

{
1 (n odd)

Z2 = {1,∏n
a=1 ηa} (n even)

. (5.25)
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π ](Lc = kc/2) L H U
(12)(345) 2 (3, 1) Z8 × (Z4)

2 × Z2 Z4 (γ2

1γ6

2)

≤ 1 any Z8 × (Z4)
2 Z8 (γ1γ

7

2
)

(1)(2)(345) 3 (3, 3, 1) (Z4)
2 × (Z2)

2 1

2 (3, ∗, 1) (Z4)
2 × Z2 Z2 (η1η3η4η5)

2 (3, 3, ∗) (Z4)
2 × Z2 Z2 (η1η2)

≤ 1 any (Z4)
2 1

(12)(34)(5) 3 (3, 1, 1) Z8 × Z4 × (Z2)
2 Z4 × Z2 (γ2

1γ6
2 , γ2

3γ2
4)

2 (3, 1, ∗) Z8 × Z4 × Z2 Z8 × Z2 (γ1γ
7

2
γ3γ

3

4
, γ2

3
γ2

4
)

2 (3, ∗, 1) Z8 × Z4 × Z2 Z4 × Z4 (γ2

1
γ6

2
, γ3γ

3

4
)

2 (∗, 1, 1) Z8 × Z4 × Z2 Z8 × Z2 (γ1γ
7

2 , γ2

3γ2

4)

≤ 1 any Z8 × Z4 Z8 × Z4 (γ1γ
7

2
, γ3γ

3

4
)

Table 2: Some permutation B-branes in the model (88444).

Generalizing this to permutation branes, one finds the following result. For each even-

length cycle πc = (a1, a2, . . . , a2l) of π, denote by γπc the following simple current

γπc = γa1γ
−1
a2

γa3 · · · γ−1
a2l

. (5.26)

Then the untwisted stabilizer for permutation branes with Lc = kc/2 for more than one

cycles is generated by the following:

1. γπc , where πc is an even-length cycle labelled by Lc 6= kc/2,

2. (γπc)
2, where πc is an even-length cycle labelled by Lc = kc/2,

3. The element

γ̆ ≡
(

∏

a

ηa

)
 ∏

Lc=kc/2

γπc


 , (5.27)

where the first product is over all a’s belonging to odd-length cycles labelled by

Lc = kc/2, and the second is over all even-length cycles πc labelled by Lc = kc/2.

This is an element of Γmir only when there are even number of odd-length cycles

labelled by Lc = kc/2.

Interestingly, when Lc’s coincide with kc/2 the untwisted stabilizer group gets reduced due

to 1 → 2 of the list, and then enhances by 3 of the list.

As an example, we list some of the permutation B-branes, their stabilizers and un-

twisted stabilizers in the model (88444).

Let us pick up some examples from the list and illustrate the construction of boundary

states. We first take the case π = (1)(2)(345), which is a rather straightforward general-

ization of non-permuted branes because all the cycles have odd length. The π-permuted

B-branes split into two when L = (3, ∗, 1). To describe the boundary states in η1η3η4η5-

twisted sector, we use the states |Bk/2,M 〉η defined at section 4.1.1 and their generalization
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to arbitrary odd-length cycles,

|B̃(12···N)
k/2,M 〉 ≡ |B(12···N)

k/2,M 〉η1···ηN

Y
=

α
Y

2

∑

l,m

S̃ lm
k/2,M

(Slm
00 )N/2

R(12···N) |B;⊗N
a=1(l,m)η〉〉Y . (5.28)

Next we study the case π = (12)(34)(5). The untwisted stabilizer group for π-permuted

B-branes gets smaller as the number of Lc’s coinciding with kc/2 increases. We wish to

understood this in terms of the boundary states defined at (5.19). For generic L the branes

are defined as

|BB,π,(ρ,ρ′)
L,M 〉 =

1

4

∑

ν+2ν′+2ν′′∈8Z

|B(12),ρ
L,M+2ν〉 ⊗ |B(34),ρ′

L′,M ′+2ν′〉 ⊗ |B(5)
L′′,M ′′+2ν′′〉, (5.29)

with the integers ρ, ρ′ specifying a character of the untwisted stabilizer Z8 × Z4. When

some Lc’s coincide with kc/2, then the sum over orbifold images is partially translated into

the sum over shifts of (ρ, ρ′) due to (5.21). When L = (3, 1, 1) one can write

|BB,π,(ρ,ρ′)
L,M 〉 =

1

4

∑

ν+2ν′+2ν′′∈8Z

|B(12), ρ,+
3,M+2ν 〉 ⊗ |B(34), ρ′,+

1,M ′+2ν′〉 ⊗ |B(5)
1,M ′′+2ν′′〉, (5.30)

where we define, for any cyclic permutation π of even length,

|Bπ,ρ,±
k/2,M 〉 ≡ 1

2

(
|Bπ, ρ

k/2,M 〉 ± |Bπ, ρ+(k+2)/2
k/2,M 〉

)
. (5.31)

The periodicity of ρ, ρ′ thus becomes halved when L = (3, 1, 1), in accordance with the

untwisted stabilizer becoming smaller for these branes. Note also that the states (5.31) are

transformed by ηa’s in a similar way as |Bk/2,M 〉 and |Bk/2,M 〉η of (5.24).

When L = (3, 1, 0) one can write

|BB,π,(ρ,ρ′,ε)
L,M 〉 =

1

4

∑

ν+2ν′+2ν′′∈8Z

|B(12), ρ,+
3,M+2ν 〉 ⊗ |B(34), ρ′,+

1,M ′+2ν′〉 ⊗ |B(5)
0,M ′′+2ν′′〉

+
ε

4

∑

ν+2ν′+2ν′′∈8Z

|B(12), ρ,−
3,M+2ν 〉 ⊗ |B(34), ρ′,−

1,M ′+2ν′〉 ⊗ |B(5)
0,M ′′+2ν′′〉. (5.32)

The untwisted stabilizer is twice as big as the previous case due to the generator γ̆ (5.27).

5.2 Permutation orientifolds in Gepner model

We next construct and classify the permutation orientifolds in Gepner models. The basic

building blocks are the quartets of crosscap states |CM 〉
Y

(4.11) or |C(12)
M1,M2

〉
Y

(4.32) defined

before. The A-type permutation orientifolds are constructed as sums of their products with

characters of ΓO ≡ Γ/(ΓΓπ), where Γ is the Gepner’s orbifold group and

ΓΓπ ≡ {gπgπ|g ∈ Γ}.

B-type orientifolds are constructed in a similar way using the mirror description. Below

we give a general construction, and illustrate it in a few examples.

– 39 –



J
H
E
P
0
1
(
2
0
0
7
)
0
8
1

5.2.1 A-type orientifolds

The orbifold group is Γ = ZH and one easily finds that

ΓΓπ = Γ2 ≡ {g2|g ∈ Γ},
for any models and any π. Therefore, ΓO ≡ Γ/Γ2 is a Z2 for even H and otherwise trivial.

We denote by |Cπ
M
〉Y the products of crosscaps |CM 〉Y and |C(12)

M1,M2
〉Y in minimal models.

The A-type crosscaps in Gepner models are given by their sums,

|CA,π,ε
M

〉
Y

=
c
Y√
H

∑

ν

εν |Cπ
γν(M)〉Y ≡ c

Y√
H

∑

ν

εν |Cπ
M+2ν〉Y . (5.33)

with suitable normalization constants cNS , cR . The following crosscap states form a quartet,

|CA,π,ε
M

〉NSNS+ , |CA,π,ε
M+2

〉NSNS− , |CA,π,ε̃
M−1

〉RR+ , |CA,π,ε̃
M+1

〉RR− ,

ε̃ ≡ ε · exp
(
−∑r

a=1
iπ

ka+2

)
. (5.34)

with the supersymmetry phase

exp iπϕ =
c
R

cNS

exp iπ

(
5∑

a=1

(Ma − 1)

2ka + 4
+

r + |π|
2

)
. (5.35)

Here |π| counts the number of cycles of length two in π. The four possible choices of cNS,R

correspond to orientifold planes O± of positive or negative tension, and their anti-planes.

The label ε can take ±1 for even H, while only ε = +1 is allowed for odd H.

The constant c
R

takes values ±1, whereas the correct values of c
NS

depends on the label

ε. When H is odd, the tension T of the orientifold is given by c
NS

up to a positive propor-

tionality constant so we should set cNS = ±1. When H is even, T becomes proportional to

T ∼ c
NS

(
e−iπΘM + εe+iπΘM

)
, ΘM ≡

∑

c (kc=even,||πc||=1)

(−)
Mc
2

2kc + 4
.

So the correct choices of c
NS

are

H = odd, (ε = +) =⇒ c
NS

= ±1, T ∼ ±1,

H = even, ε = + =⇒ c
NS

= ±1, T ∼ ± cos πΘM,

H = even, ε = − =⇒ c
NS

= ±i, T ∼ ± sin πΘM.

(5.36)

Orientifolds labelled by different M are related to one another by the global symmetry

generated by simple currents,

(⊗r
a=1γ

νa
a )|CA,π,ε

M
〉 = |CA,π,ε

M′ 〉, M ′
a ≡ Ma + 2νa + 2νπ(a). (5.37)

If H is odd, then any M can be mapped to M = 0 by the global symmetry. For even H there

are several choices for M that lead to physically inequivalent orientifolds. An interesting

fact is that, for even H, the involutiveness of parity does not require Ma = Mπ(a). The

condition that the square of parity is an element of Γ implies the existence of a mod-H

integer ν satisfying

Ma − Mπ(a) = 2ν mod 2(ka + 2). (5.38)

Since the left hand side is antisymmetric under a → π(a) and the right hand side is

symmetric, the only allowed ν are 0 or H/2.
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Example 1: (55555) There are three involutive permutations of five elements up to

conjugation, namely π = id, (12) or (12)(34). We denote various products of crosscap

states as

|C(1)(2)(3)(4)(5)
M

〉Y = |C(1)
M1

⊗ C
(2)
M2

⊗ C
(3)
M3

⊗ C
(4)
M4

⊗ C
(5)
M5

〉Y ,

|C(12)(3)(4)(5)
M

〉
Y

= |C(12)
M1,M2

⊗ C
(3)
M3

⊗ C
(4)
M4

⊗ C
(5)
M5

〉
Y
,

|C(12)(34)(5)
M

〉
Y

= |C(12)
M1,M2

⊗ C
(34)
M3,M4

⊗ C
(5)
M5

〉
Y
. (5.39)

The A-type crosscaps in Gepner model are given by their sums. For the parities to be

involutive, we have to set M1 = M2 in the second line and M1 = M2,M3 = M4 in the third

line.

Since all the levels are odd, the crosscaps with different values of M are all related to

the one with M = 0 by global symmetry (simple currents). Moreover, ΓO is trivial because

H is odd. Therefore, there are just three physically inequivalent A-type orientifolds in this

model |CA,π
0

〉 labelled by three different permutations. The same argument apply to all

other Gepner models with odd H.

Example 2: (88444) In this model there are four inequivalent permutations up to con-

jugation, namely π = id, (12), (34) or (12)(34). The orientifolds are also labelled by a

character of ΓO = Z2. In order for the orientifold |CA,π,ε
M

〉 to correspond to an involutive

parity, the M labels have to satisfy M3 = M4 if π contains a cycle (34), and M1 = M2

or M1 = M2 + 8 if π contains (12). Different values of M are related by the actions of

global symmetry, but this time there remain several choices for M leading to inequivalent

orientifolds. The physically inequivalent choices of labels (π,M) are as listed below:

π = id, M = (00000), (02000), (22000),

(00002), (02002), (22002),

π = (12), M = (00000), (00002), (08000), (08002),

π = (34), M = (00000), (02000), (22000),

π = (12)(34), M = (00000), (08000).

(5.40)

The crosscaps containing |C(12)
M1,M1+8〉 are supported only on closed string Hilbert space

in the γ4
1γ4

2 -twisted sector, so they are in particular tensionless. On the other hand, they

do have nonzero overlaps with RR ground states in γ4
1γ4

2 -twisted sector.

5.2.2 B-type permutation orientifolds

We study the B-type permutation orientifolds in Gepner models as A-types in the mirror.

The orientifolds are given by summing the crosscap states |Cπ
M
〉Y of the product theory

over an orbit of Γmir weighted by various characters of ΓO ≡ Γmir/(ΓmirΓ
π
mir),

|CB,π,ρ
M

〉
Y

=
c
Y√

|Γmir|
∑

γ=⊗aγνa
a ∈Γmir

|Cπ
γ(M)〉Yρ(~ν), (5.41)
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where γ(M) ≡ (M1 + 2ν1, . . . ,Mr + 2νr) for γ = ⊗aγ
νa
a ∈ Γmir. Then the following quartet

of states defines a B-type orientifold of Gepner model,

|CB,π,ρ
M

〉
NSNS+

, |CB,π,ρ
M+2

〉
NSNS−

, |CB,π,ρ̃
M−1

〉
RR+

, |CB,π,ρ̃
M+1

〉
RR−

,

ρ̃(~ν) ≡ ρ(~ν) exp
(
−∑r

a=1
iπνa

ka+2

)
.

Here ρ is a character of ΓO, whereas ρ̃(~ν) is anti-periodic in any of νa → νa + ka + 2.

The label M is highly redundant because it has meanings only up to shifts by Γmir.

There is also a global ZH symmetry of the mirror Gepner model that relates orientifolds

with different M.

Let us discuss the properties of the characters ρ of the group ΓO in some detail. By

definition, ρ is a character of the group Γmir that takes trivial value on the subgroup

ΓmirΓ
π
mir. The elements of this subgroup are given by ~ν satisfying

(i)

r∑

a=1

νa

ka + 2
∈ Z,

(ii) νa = νπ(a),

(iii) νa is even for all a labelled by even ka and fixed by π.

Characters of Γmir taking trivial value at such ~ν’s are given by

ρ(~ν) =
∏

c (πc=(acbc))

e−
2πirc
kc+2

(νac−νbc) ·
∏

c (||πc||=1,kc=even)

ενc
c . (5.42)

Here rc ∈ Zkc+2 is associated to the cycle πc of length 2 labelled by kc, and the sign

εc is associated to the length-one cycle πc labelled by an even level kc. Sometimes the

conditions (i)–(iii) accidentally imply that some more νa have to be even, and ρ depends

upon additional ± signs (see the Example 2 below). Finally, some of the parameters (rc, εc′)

are redundant because of the equivalence ρ(~ν) ' ρ(~ν) exp
(∑

a
2πiνa

ka+2

)
that follows from (i).

Recall that |CB,π,ρ
M

〉 is constructed by summing the crosscap states sitting in different

twisted sectors. In the formula (5.42) for characters, the parameters rc assign different

weights to different twisted sectors so that they express the dressings by quantum symmetry

of the mirror Gepner model. Such symmetry are known to map to the global symmetry of

the original Gepner model. In other words, rc’s can be absorbed by a suitable redefinition of

the LG fields X1, . . . ,Xr. On the other hand, different signs εc give physically inequivalent

orientifolds since they cannot be gauged away in such a way. In particular, the tension and

supersymmetry phase ϕ of orientifolds do depend on ε’s in a non-trivial manner.

Example 1: (55555) There are three inequivalent choices of permutations, π = id,

(12), (12)(34). For each choice of π there is a unique choice for M up to shifts by Γmir and

the global Z5 symmetry of the mirror Gepner model. The tension is given by c
NS

up to

some positive proportionality constant, and the supersymmetry phase ϕ is given by (5.35).
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The group Γmir/(ΓmirΓ
π
mir) and the allowed character ρ for various choices of permu-

tation are given by the following table (we denote ωn ≡ exp 2πi
n ),

π Γmir/(ΓmirΓ
π
mir) ρ(~ν)

id {1} 1

(12) Z5 ω
−r(ν1−ν2)
5 r ∈ Z5

(12)(34) (Z5)
2 ω

−r(ν1−ν2)−r′(ν3−ν4)
5 r, r′ ∈ Z5

The orientifolds labelled by different r, r′ are related by quantum symmetries, so they are

physically equivalent. We thus found three inequivalent B-type orientifolds of this model

corresponding to three different choices of π.

Example 2: (88444) The orbifold group is Γmir = Z8× (Z4)
3, and there are four inequiv-

alent choices for the permutation, π = id, (12), (34) and (12)(34). For each choice of π

there are two inequivalent values for the label M up to shifts by Γmir and global symmetry

of the mirror model,

M = (00000) or (20000).

The orientifolds are also labelled by the character of the group ΓO ≡ Γmir/(ΓmirΓ
π
mir). We

determine the general form of the character following the argument given above (ωn ≡
exp 2πi

n ),

π = id ρε1,ε2,ε3,ε4,ε5(~ν) = εν1
1 εν2

2 εν3
3 εν4

4 εν5
5 ' ρ−ε1,−ε2,ε3,ε4,ε5(~ν),

π = (12) ρr,ε1,ε3,ε4,ε5(~ν) = ω
−r(ν1−ν2)
8 εν1

1 εν3
3 εν4

4 εν5
5 ' ρr+2,−ε1,−ε3,−ε4,−ε5(~ν),

π = (34) ρr,ε1,ε2,ε5(~ν) = ω
−r(ν3−ν4)
4 εν1

1 εν2
2 εν5

5 ' ρr,−ε1,−ε2,ε5(~ν),

π = (12)(34) ρr,r′,ε1,ε5(~ν) = ω
−r(ν1−ν2)
8 ω

−r′(ν3−ν4)
4 εν1

1 εν5
5 ' ρr+2,r′+2,−ε1,−ε5(~ν).

(5.43)

In the second and fourth cases above, we have one more ± sign as compared to the for-

mula (5.42) due to the accidental effect explained there. For example, for π = (12) the

elements of ΓΓπ are given by those ~ν satisfying

ν1 + ν2 + 2(ν3 + ν4 + ν5) ∈ 8Z, ν1 = ν2, ν3,4,5 ∈ 2Z. (5.44)

These conditions imply that ν1 is also even, so we get an additional parameter ε1 in

the second line of (5.43). Although ν2 is also even, we do not introduce εν2
2 because

εν2
2 = ω

4(ν1−ν2)
8 εν2

1 .

Let us compute the tension of the orientifolds we have listed, focusing on the depen-

dence on ε-labels. We use various symmetry to set M = (00000) or (20000), ε1 = 1 and
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r, r′ = 0. The tension of various orientifolds then becomes,

T (CB,id,+ε2ε3ε4ε5
M=(00000) ) = cNST

(id)
0 (cos π

8 )4−α(−i sin π
8 )α,

T (CB,id,+ε2ε3ε4ε5
M=(20000) ) = c

NS
T

(id)
0 (cos π

8 )3−α(−i sin π
8 )αδε2,+,

T (C
B,(12),+ε3ε4ε5
M=(00000) ) = c

NS
T

(12)
0 (cos π

8 )3−α(−i sin π
8 )α,

T (C
B,(12),+ε3ε4ε5
M=(20000) ) = 0,

T (C
B,(34),+ε2ε5
M=(00000) ) = c

NS
T

(34)
0 (cos π

8 )2−α(−i sin π
8 )α,

T (C
B,(34),+ε2ε5
M=(20000) ) = cNST

(34)
0 (cos π

8 )1−α(−i sin π
8 )αδε2,+,

T (C
B,(12)(34),+ε5
M=(00000) ) = c

NS
T

(12)(34)
0 (cos π

8 )1−α(−i sin π
8 )α,

T (C
B,(12)(34),+ε5
M=(20000) ) = 0. (5.45)

Here α denotes the number of εa’s taking (−) sign, and T π
0 are some positive definite

constants. In order to make the tension real, one therefore have to put cNS = ±iα. A useful

relation is (−)α = c2
NS

= ρ(~ν = ~1).

6. Some string theory problems

In this section we wish to study some more properties of permutation branes and orien-

tifolds in Gepner models. One important problem is to find out the spectrum of massless

open string modes. Here we will restrict our attention to the gauge fields on D-brane

worldvolumes and study what gauge group is realized on coincident D-branes, by analyz-

ing the action of parity on D-branes and open strings. Another important problem is to

solve the tadpole cancellation condition and find supersymmetric tadpole-free configura-

tions. The tadpole cancellation in general simply amounts to the cancellation of D-brane

charges against the charge of orientifold. It becomes more and more difficult to solve it

as the dimension of charge lattice gets larger. For type IIA case, we will analyze in a

similar way as in [12] and find a few solutions involving permutation orientifolds using the

simple relations between the charges of D-branes and orientifolds in minimal models. For

type IIB we see that the charges of D-branes and orientifolds are summarized into simple

polynomials as was discussed in [4, 16, 22, 43].

6.1 Parity action on D-branes

We would like to find out here the action of various orientifolds of Gepner model on D-

branes from Möbius strips amplitudes. We begin with the Möbius strips in the product of

r minimal models,

NSNS+〈Bσ
L,M|qH |Cπ

2m〉NSNS± = NSNS∓〈Cπ
2m|qH |Bσ′

L,M′〉NSNS+ ,

RR−
〈Bσ

L,M|qH |Cπ
2m−1〉RR±

=
RR∓

〈Cπ
2m−1|qH |Bσ′

L,M′′〉RR+
(−)r+|σ|+|π|. (6.1)

Here σ′ ≡ πσ−1π, and M′,M′′ have the following components,

M ′
c =

∑

a∈σ′
c

2ma − Mc, M ′′
c =

∑

a∈σ′
c

(2ma − 1) − Mc.
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The minus signs in the second line come from the coefficients β
M,Y

, α
Y

in (4.11), (4.27)

and (4.32). By taking the sum over orbits of the orbifold groups ZH or Γmir we find the

Möbius strip amplitudes for A-type crosscaps,

NSNS+
〈BA,σ

L,M|qH |CA,π,ε
2m 〉

NSNS±
=

NSNS∓
〈CA,π,ε

2m+2
|qH |BA,σ′

L,M′〉NSNS+
· εc2

NS

RR−
〈BA,σ

L,M|qH |CA,π,ε̃
2m−1

〉
RR±

=
RR∓

〈CA,π,ε̃
2m+1

|qH |BA,σ′

L,M′′〉RR+
· ε̃(−)r+|σ|+|π|. (6.2)

Here ε̃ was defined in (5.34). Recalling that c
NS

was determined so that εc2
NS

= 1, we

conclude

C
A,π,ε
2m

: B
A,σ
L,M 7→ B

A,σ′

L,M′ · (−)
1
2
(r+D)+|π|+|σ|ε, (6.3)

where σ,M′ are defined above and the ± sign distinguishes the brane and antibranes, i.e.

−B denotes the antibrane of B. The rule for B-type orientifolds is similar,

C
B,π,ρ
2m

: B
B,σ
L,M 7→ B

B,σ′

L,M′ · (−)
1
2
(r+D)+|π|+|σ|ρ(~ν = ~1), (6.4)

where ρ(~ν) specifies a character of ΓO (5.41). So the condition for a brane to be parity-

invariant is πσ−1π = σ and (L,M) = (L,M′) up to shifts of M by orbifold elements and

an even or odd times of brane identification Fc (5.11) depending on the sign in the above

formulae.

For later use, we study the pairs of brane and orientifold satisfying the condition

(L,M) = (L,M′) up to Fc by decomposing into blocks.

Condition for Parity Invariant Branes (PIB) 2. If a brane Bσ
L,M in the theory

⊗aM(ka) is invariant under Cπ
M̄

(Ma = Mπ(a)), the pair (π, σ) decomposes into the blocks

listed in PIB 1. For each block of type (1)–(3) of PIB 1,

(1) σc = (a1a2 · · · a2n+1), π = (a1a2n+1)(a2a2n) · · · (anan+2),

(2) σc = (a1a2 · · · a2n), π = (a2a2n+1)(a2a2n) · · · (anan+2),

(3) σc = (a1a2 · · · a2n), π = (a1a2n)(a2a2n) · · · (anan+1),

the labels (Lc,Mc) have to satisfy

(I) Lc = any, Mc = 1
2M̄

(tot)
c or 1

2M̄
(tot)
c + kc + 2,

or (II) Lc = k
2 , Mc = 1

2M̄
(tot)
c ± kc+2

2 ,

(
M̄ (tot)

c ≡
∑

a∈σc

M̄a

)

and for each block of type (4) of the list,

(4) σcσc′ = (a1 · · · an)(a′1 · · · a′n), π = (a1a
′
n)(a2a

′
n−1) · · · (ana′1),

the labels (Lc,Mc), (Lc′ ,Mc′) have to satisfy

(III) Lc = Lc′ , Mc + Mc′ = M̄ (tot),

or (IV) Lc + Lc′ = k, Mc + Mc′ = M̄ (tot) + kc + 2.


M̄ (tot) ≡

∑

a∈σc

M̄a ≡
∑

a∈σc′

M̄a




Thus the pair (Bσ
L,M,Cπ

M̄
) decomposes into eight different kinds of blocks,

(1)I, (1)II, (2)I, (2)II, (3)I, (3)II, (4)III, (4)IV.
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Parity and supersymmetry. The action of parity on D-branes obtained above is

such that the parity reversal of a supersymmetric configuration is again supersymmet-

ric. Namely, if |B〉 preserves the same supersymmetry as |C〉, so does PC|B〉. To see this,

recall the supersymmetry phases for A-type branes and crosscaps,

exp iπϕ(BA,σ
L,M) = exp iπ

(∑[σ]
c=1

Mc

kc+2 − ||σc||−1
2

)
,

exp iπϕ(CA,π,ε
M

) =
c
R

c
NS

exp iπ
(∑r

a=1
Ma−1
2ka+4 + |π|+r

2

)
, (6.5)

where ||σc|| denotes the length of the c-th cycle of σ, and |π| denotes the number of cycles

of length 2 in π. Similar expressions hold also for B-types. Also, recall that c
R

= ±1, and

that c
NS

is determined from the group character as follows,

c2
NS

ε = 1 (A-type) ; c2
NS

ρ(~ν = ~1) = 1 (B-type). (6.6)

Combining these together with (6.3) or (6.4) one can show that, for any pair of an orientifold

C and a D-brane B,

ϕ(PCB) = 2ϕ(C) − ϕ(B) (mod 2). (6.7)

The formulae (6.3) and (6.4) determine the action of orientifolds on all the long-orbit

branes, or branes with trivial untwisted stabilizer group U . We need some more work to

find out the action of orientifolds on short-orbit branes which have non-trivial U and are

therefore labelled by additional label specifying a character of U .

6.1.1 Parity action on short-orbit A-branes

Short-orbit A-branes are made from permutation boundary states in twisted sectors,

|B(1···N)
L,M 〉(µ) and |B̃(1···N)

k/2,M 〉(µ), in the product of N identical minimal models M(k)N de-

fined in (5.14) and (5.15). They satisfy the basic transformation laws (here ω ≡ e
2πi
k+2 )

|B(2···N1)
L,M 〉(µ)

NSNS±
= +|B(12···N)

L,M 〉(µ)
NSNS±

ωMµ,

|B̃(2···N1)
k/2,M

〉(µ)
NSNS±

= ∓|B̃(12···N)
k/2,M

〉(µ)
NSNS±

ωMµ,
(6.8)

γa|B(12···N)
L,M 〉(µ)

Y
= +|B(12···N)

L,M+2 〉(µ)
Y

ωµ(2a−1),

γa|B̃(12···N)
k/2,M 〉(µ)

Y
= −|B̃(12···N)

k/2,M+2〉(µ)
Y

ωµ(2a−1).
(6.9)

We study the action of NS parity Cπ
M̄

on these boundary states. It maps the σ-permuted

boundary states to σ′-permuted boundary states, where

σ = (1 2 · · ·N) =⇒ σ′ = πσ−1π = (π(N) π(N − 1) · · · π(1)). (6.10)

The NS parity acts on Ishibashi states as

(−)FLP π
M̄

|Bσ ; l,m〉〉(µ)
NSNS±

= ⊗aγ
M̄a/2
a · |Bσ′

; l,−m〉〉(µ)
NSNS±

,

(−)FLP π
M̄

|B̃σ ; l,m〉〉(µ)
NSNS±

= ⊗aγ
M̄a/2
a · |B̃σ′

; l, k + 2 − m〉〉(µ)
NSNS±

· (±i). (6.11)
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Therefore the boundary states are transformed as,

(−)FLP π
M̄
|Bσ

L,M 〉(µ)
NSNS±

= ⊗aγ
M̄a/2
a · |Bσ′

L,−M 〉(µ)
NSNS±

,

(−)FLP π
M̄
|B̃σ

L,M 〉(µ)
NSNS±

= ⊗aγ
M̄a/2
a · |B̃σ′

L,−M 〉(µ)
NSNS±

· (∓i). (6.12)

The above formula can be directly applied to the parity action on short-orbit A-branes

in Gepner models. A general permutation A-brane with stabilizer group ZH′ (H ′ = H/h)

takes the form (5.16),

|BA,σ,ρ
L,M 〉Y =

1√
H

∑

ν∈Zh

∑

µ∈ZH′

γν
(A)

[σ]⊗

c=1

|Bσc

Lc,Mc
〉(µh)
Y

exp
(

2πiµhρ
H

)
. (6.13)

The orientifolds C
A,π,ε

M̄
maps the brane |BA,σ,ρ

L,M 〉 to ⊗aγ
M̄a/2
a · |BA,σ′,ρ′

L,−M
〉. The permutations

σ and σ′ are related cycle by cycle as follows,

σc = (a1 · · · an) ⇐⇒ σ′
c = (π(an) · · · π(a1)). (6.14)

The mod-H ′ integer ρ gets shifted according to the following rules:

1. ρ gets shifted by H
2 = hH′

2 if H is even and the orientifold has ε = (−).

2. ρ gets shifted by nH′

2 if the boundary state in γh
(A)

-twisted sector contains 2n tilded

boundary states.

As an application, let us find out the condition for an A-brane B
A,σ,ρ
L,M to be invariant

under the A-type orientifold C
A,π,ε
M̄

. For simplicity, we assume their labels are chosen in

such a way that the pair (Bσ
L,M,Cπ

M̄
) satisfy the condition PIB 2. The problem is then how

the label ρ is transformed under the parity. Besides the possible shifts of ρ listed above, it

gets shifted when we use the formula (6.8), (6.9) or the identification Fc to transform the

labels (πσ−1π,L,M′) into (σ,L,M). A detailed analysis shows

3. ρ gets shifted by nH′

2 if the boundary state in γh
(A)

-twisted sector contains n tilded

boundary states of type (1)II, (2)II or (3)II.

4. ρ gets shifted by (1+
M̄a1

2 )H′

2 or (h+1+
M̄a1

2 )H′

2 if the boundary state in γh
(A)

-twisted

sector contains a tilded boundary states of type (2)I or (2)II.

In any case, the action of orientifold on ρ of the brane B
A,σ,ρ
L,M is at most a half period shift,

and it only occurs when L is special so that the tilded boundary states are involved in its

construction. The parity action on the label ρ is thus determined from the expression of

boundary state in γh
(A)

-twisted sector. Whether ρ is invariant or shifted by half-period is

determined by the following sign (where the notation should be obvious from the above

explanation),

λ ≡ εh(−)
1
2
](B̃)−](B̃(II))

∏

B̃:(2)I

(−)
M̄a1

2
+1

∏

B̃:(2)II

(−)
M̄a1

2
+1+h. (6.15)
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6.1.2 Parity action on short-orbit B-branes

B-branes in Gepner model with nontrivial untwisted stabilizer U are made of permutation

boundary states |Bσ,ρ
L,M 〉 defined at (5.19), with σ = (12 · · ·N) a cycle of even length. Each

of |Bσ,ρ
L,M 〉 contributes a factor of Zk+2 or Z(k+2)/2 to U , depending on whether L is generic

or coincides with k/2. For the D-branes whose untwisted stabilizer contain the generator γ̆

of (5.27), we construct the boundary states in γ̆-twisted sector using |B̃σ
k/2,M 〉 and |Bσ,ρ,−

k/2,M 〉
defined at (5.28) and (5.31).

The σ-permuted short orbit B-branes are therefore labelled by the half integers (ρc),

and also by a sign ε if U contains the element γ̆. Each ρc is associated to an even-length

cycle σc, and has period kc + 2 or (kc + 2)/2 depending on whether Lc is generic or not.

The sign ε appears in the expression for boundary states as follows,

|BB,σ,(ρ,ε)
L,M 〉 ∼

∑

⊗γνa
a ∈Γmir/H

⊗aγ
νa
a ·

(Lc 6= kc
2

)⊗

odd

|Bσc

Lc,Mc
〉

(Lc 6= kc
2

)⊗

even

|Bσc,ρc

Lc,Mc
〉

×
{

⊗

odd

|Bσc
kc
2

,Mc
〉
⊗

even

|Bσc,ρc,+
kc
2

,Mc
〉 + ε

⊗

odd

|B̃σc
kc
2

,Mc
〉
⊗

even

|Bσc,ρc,−
kc
2

,Mc
〉
}

. (6.16)

An example is the boundary state (5.32) for a B-brane in the (88444) model.

We wish to find out the action of various B-type (NSNS) parities on B-branes, in par-

ticular how the labels (ρc, ε) are transformed. We consider the parity PB,π,~r
M̄

corresponding

to a general B-type orientifold,

|CB,π,~r
M̄

〉 =
1√
|Γmir|

∑

⊗aγνa
a ∈Γmir

|Cπ
M̄+2~ν〉 exp

(
−∑

a
2πiraνa

ka+2

)
.

Actually the transformation law of {ρc} is obtained simply by applying the general for-

mula (2.79), thanks to the fact that the boundary states in twisted sector is essentially

unique unlike the case with A-branes (cf. equation (6.8)). To illustrate this, let us work

out the condition on ρ-labels for a B-brane B
B,σ,(ρc,ε)
L,M to be invariant under the orientifold

C
B,π,~r

M̄
.

Condition for Parity Invariant Branes (PIB) 3. Take a pair (Bσ
L,M,Cπ

M̄
) satisfying

the condition PIB 2. Then the B-type orientifold C
B,π,~r
M̄

acts on the ρ-labels of the B-brane

B
B,σ,ρ
L,M in a non-trivial manner. By analyzing the condition of parity invariance on ρ block

by block one finds the following:

1. the blocks of type (1) do not contain ρ-labels.

2. in a block of type (2), the boundary state B
σc,ρc

Lc,Mc
(σc = (a1a2 · · · a2n)) has the label ρc

which transform under parity as

ρc 7→ ρc + r(tot), r(tot) ≡ ra1 − ra2 + · · · − ra2n .

It follows from the involutiveness of parity that r(tot) = 0 or kc+2
2 mod kc + 2. If the

latter is the case Lc has to equal kc/2, but there arise no condition on ρc.
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3. in a block of type (3) the parity transform the ρ-label as ρc 7→ − ρc − r(tot), where

ρc, r
(tot) are defined similarly to the previous case. The parity invariance requires

(A) : ρc = −1
2r(tot) mod kc+2

2 , Lc = any,

or (B) : ρc = −1
2r(tot) + kc+2

4 mod kc+2
2 , Lc = kc

2 .

4. in a block of type (4), we take σc ◦ σc′ = (a1 · · · a2n) ◦ (a′1 · · · a′2n) and consider the

boundary state B
σc,ρc

Lc,Mc
⊗ B

σc′ ,ρc′

Lc′ ,Mc′
. The parity acts on the labels ρc, ρc′ as

ρc 7→ −r(tot) − ρc′ ,

ρc′ 7→ −r(tot) − ρc,

r(tot) ≡ ra1 − ra2 + ra3 · · · − ra2n

= ra′
1
− ra′

2
+ ra′

3
· · · − ra′

2n
.

The parity-invariant blocks of type (4)III or (4)IV have to satisfy

(III) : ρc + ρc′ + r(tot) = 0 mod kc + 2,

(IV) : ρc + ρc′ + r(tot) = kc+2
2 mod kc + 2.

The pair (BB,σ,ρ
L,M ,CB,π,~r

M̄
) therefore decomposes into blocks of 10 different kinds,

(1)I, (1)II, (2)I, (2)II, (3)IA, (3)IB, (3)IIA, (3)IIB, (4)III, (4)IV.

Parity action on ε. A naive application of the formula (2.79) does not work for de-

termining the action of parity on ε because we have been making no distinction between

γ
k+2
2 -twisted sector and ψγ

k+2
2 -twisted sector of minimal models. Here we focus on short-

orbit B-branes B
B,σ,(ρ,ε)
L,M satisfying the condition PIB 3 discussed above and ask what is

the relation between ε and ε′ in the formula:

(−)FLPB,π,~r

M̄
: B

B,σ,(ρ,ε)
L,M 7→ B

B,σ,(ρ,ε′)
L,M .

The result is summarized as

ε′

ε
= (−)](1)II+](2)II+](3)IIA+](3)IIB · (−)](3)IB+](3)IIB ·

∏

σc odd, Lc=kc/2

(−i) · (−)
P

a∈σc
ra , (6.17)

where ](· · ·) counts the number of blocks of each type. The factors in the right hand side

arise from the following reason. The first sign (−)](1)II+](2)II+](3)IIA+](3)IIB arises because

the states |B̃σ
k/2,M 〉, |Bσ,ρ,−

k/2,M 〉 are odd under the shift M → M + k + 2. The second sign

(−)](3)IB+](3)IIB is from the states |Bσ,ρ,−
k/2,M 〉 which are odd under the shift ρ → ρ+ k+2

2 . The

last factor arises from the odd-length cycles σc labelled by Lc = kc/2. A (−i) is due to the

parity action

(−)FLP π
M̄
|B̃σ

k/2,M 〉NSNS± = ∓ i|B̃σ
k/2,M̄tot−M 〉NSNS± .

The ra-dependent sign arises from the action of quantum symmetry labelled by ~r on states

sitting in (ηa1 · · · ηan)-twisted sector.
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6.2 Gauge group

If a brane B is invariant under the orientifold C, then the corresponding Möbius strip

amplitude shows a massless gauge boson running along the strip. The parity eigenvalue

of the gauge boson determines whether the gauge group is O or Sp. We read off the

eigenvalues of NS parities (−)FLPC or (−)FRPC for the orientifold C from the amplitudes

∓i
NSNS+

〈B|qH |C〉
NSNS±

= ∓ i
NSNS∓

〈C|qH |B〉
NSNS+

.

We regard ∓i as the value of NS parities for open string NS ground state. Since NS parities

square to fermion number, it follows that the NS tachyon (and all the NS states that are

projected out by GSO projection) has odd fermion number, and the remaining states have

eigenvalues ±1 of the NS parities. The gauge group is O or Sp depending on the gauge

boson having eigenvalues −1 or 1 of NS parities.

We compute the eigenvalues of NS parities by decomposing the Möbius strip amplitudes

into parts. The spacetime part of the amplitude reads

∓i st
NSNS+

〈B|e−πHc/4l|C〉st
NSNS±

∼ ∓ i · q−
cst
24

− 1
2{χ̂0(q) ∓ iχ̂2(q)}de±

iπd
4 (q ≡ e−2πl)

where χs are characters of U(1)2 and the hat operation is defined in (2.10). The spacetime

part therefore contributes −e
±iπd

4 to the eigenvalue of (−)FL,RPC on gauge boson. The

internal part, if the brane is parity invariant, can be studied by decomposing them into

blocks as explained in section 2.5.1. Let us forget about the orbifolding for the moment

and first consider Möbius strip of a single minimal model,

NSNS+
〈BL,M |e−πHc

4` |CM̄ 〉
NSNS±

=

min(L,k−L)∑

l=0

{
(−)l+L− M̄

2 e∓
iπ
4 χ̂NS∓

2l,2M−M̄
(q)

+e±
iπ
4 χ̂NS∓

k−2l,2M−M̄−k−2
(q)

}
, (6.18)

where χ̂NS±
l,m are linear combinations of hatted characters in minimal model,

χ̂NS±
l,m ≡ σlm0χ̂l,m,0 ± iσlm2χ̂l,m,2, (6.19)

and σlms = eiπθ(l,m,s) was defined at (4.3). From the coefficient of χ̂NS±
0,0 one finds the value

of NS parities on the ground state,

L = any, M = M̄
2 or M̄

2 + k + 2 ⇒ (−)FL,RPM̄ = e∓
iπ
4 ,

L = k
2 , M = M̄

2 ± k+2
2 ⇒ (−)FL,RPM̄ = e±

iπ
4 .

(6.20)

We generalize this analysis to the pairs of a permutation brane Bσ
L,M and orientifold

Cπ
M̄

in tensor products of minimal models. We again assume M̄a = M̄π(a) for simplicity.

We decompose them into blocks satisfying the condition PIB 2 and compute the values of

NS parities block by block.
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NS Parity eigenvalue formula.

(1)I : (−)FLP = e−
iπ
4 ,

(1)II : (−)FLP = e+ iπ
4 ,

(2)I : (−)FLP = 1,

(2)II : (−)FLP = −i(−)
M̄a1

2 ,

(3)I : (−)FLP = −i,

(3)II : (−)FLP = 1,

(4)III : (−)FLP = 1,

(4)IV : (−)FLP = 1.

(6.21)

To determine the gauge group on D-branes in Gepner model, one has to combine the

NS parity eigenvalue from all the blocks together with the overall coefficient of the crosscap

c
NS

, and then sum over orbifold images.

Let us start with type IIA and consider a brane B
A,σ,ρ
L,M invariant under the orientifold

CA,π,ε
M̄

. The Möbius strip amplitude is given by the sum over orbifold orbit,

Y
〈BA,σ,ρ

L,M |qH |CA,π,ε
M̄

〉
Y′ =

1

|H|
∑

γ∈Γ

Y
〈Bσ

L,M|qH |Cπ
γ(M̄)〉Y′ ε(γ)c

NS

≡ 1

|H|
∑

γ∈Γ

M(γ), (6.22)

where ε(γ) ≡ εν when γ(M̄) = M̄ + 2ν, and H ⊂ Γ is the stabilizer group of the brane.

In the sum in the right hand side, there are |H| terms satisfying the condition PIB 2 and

therefore contributing to the NS parity eigenvalue. However, for generic L the sum is trivial

so that it simply removes the factor 1/|H| in front. If L is such that the enhancement of

the stabilizer group occurs, the sum boils down to an average of two terms with γ being

identity or the generator γh
(A)

of the stabilizer group. Expanding M(id) and M(γh) as power

series in the loop-channel modular parameter, the coefficients of the leading term gives the

eigenvalues of operators (−)FLP and (−)FLγh
(A)

P on ground state. The value of γh
(A)

on

open string ground state obtained in this way should coincide with λ at (6.15).

Let us next consider type IIB case and take a brane B
B,σ,(ρ,ε)
L,M invariant under the

orientifold CB,π,~r

M̄
. The parity eigenvalue of NS ground state on the brane can be computed

by summing the Möbius strips M(γ) in the product of minimal models satisfying the

condition PIB 3. When σ contains a cycle σc of even length, this involves summing M(γ)

over orbits generated by the elements γσc ∈ U defined at (5.26). This not only enforces

the condition PIB 3 on ρc but moreover projects out the terms containing blocks of type

(2)II, (3)IB and (3)IIA. The terms which survive this averaging are therefore those consisting

only of the blocks

(1)I, (1)II, (2)I, (3)IA, (3)IIB, (4)III, (4)IV.

The non-trivial part of averaging thus amounts to the sum over γ ∈ (Z2)
p−1 ⊂ Γmir, where

p is the number of odd-length cycles σc labelled by Lc = kc

2 and (Z2)
p−1 is the group of

even-order monomials of η
(tot)
c ≡ ∏

a∈σc
ηa. Including the spacetime part and other factors,

the NS parity eigenvalue of gauge bosons finally becomes

(−)FLP = −c
NS

(−i)
1
2
{](1)I−](1)II−d}+](3)IA ×

×Re


2−[p/2](−i)](1)II ·

∏

σc odd, Lc=kc/2

(
1 + i(−)

P

a∈σc
ra

)

 . (6.23)
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π = id, ϕ(C) = 0

σ ϕ(B) P̃

id 0 −1

(12) − 1

2
−i

(12)(34) −1 +1

π = (12), ϕ(C) = 1

2

σ ϕ(B) P̃

id 0 −i

(12) − 1

2
−1

(34) − 1

2
+1

(12)(34) −1 −i

(123) −1 −i

(123)(45) − 3

2
+1

π = (12)(34), ϕ(C) = 1

σ ϕ(B) P̃

id 0 +1

(12) − 1

2
−i

(345) −1 +1

(12)(34) −1 −1

(13)(24) −1 +1

(1234) − 3

2
−i

(12)(345) − 3

2
−i

(13542) −2 +1

Table 3: Parity eigenvalue of gauge boson on various D-branes of the model (55555).

6.2.1 Example 1: (55555)

Let us study the gauge group on A-branes |BA,σ
L,M〉 in the model (55555) which are invariant

under the orientifold |CA,π

M̄
〉. We put cNS = −1 and set M = M̄ = 0 for simplicity. For

each of the allowed σ’s we compute the supersymmetry phase of the brane |Bσ
L,0〉 and the

eigenvalue of corresponding NS parity P̃ and summarize them in the table 3 below. Because

H is odd, the parity eigenvalue are computed simply by multiplying the contributions from

blocks.

When the eigenvalue of P̃ is pure imaginary, the gauge boson has (−)F = −1 and is

therefore GSO projected out. This is in consistency with that the brane B is mapped to

its anti-brane under an orientifold C when ϕ(B) − ϕ(C) = 1
2 (mod Z), as the table shows.

Since nontrivial stabilizer group or summing over orbifold images do not affect the com-

putation of parity eigenvalue, the analysis for B-type branes and orientifolds is essentially

the same and the result summarized in table 3 applies also to B-types.

6.2.2 Example 2: (88444)

We take this model to discuss the gauge group on branes with special L-labels. We first

present some type IIA examples:

• Consider a non-permuted brane B
A,σ=id
L,M invariant under the orientifold C

A,π=id,+

M̄
.

When cNS = −1, the branes with generic L support O(N) gauge group. If L1 = L2 =

3 the branes split into two short-orbit branes exchanged to each other by orientifold

because λ of (6.15) takes −1, and the short-orbit brane supports a unitary gauge

group.

• Consider a pair (B
A,(12)(345)
L,M , C

A,(12)(34),−
M̄

) with the latter normalized as c
NS

= −i.

Assume the pair (Bσ
L,M,Cπ

M̄+2ν
) satisfy the condition (3)I × (1)I of PIB 2, namely

M12 =
1

2
(M̄1 + M̄2) + 2ν mod 8,

M345 =
1

2
(M̄3 + M̄4 + M̄5) + 3ν mod 4.
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The gauge group on branes with generic L is either Sp or O depending on whether ν

is even or odd. For special L, namely (L12 = 3, L345 = 1) they break into short-orbit

branes supporting a unitary gauge group.

We next consider some type IIB examples:

• Consider a non-permuted brane B
B,id
L,M invariant under the orientifold C

B,id,ε1···ε5
M̄

. We

normalize the orientifold by setting c
NS

= − iα, where α is the number of εa’s taking

minus sign. The L-label of branes is called generic if La = ka/2 for at most one a. If

a brane B
B,id
L,M with generic L is invariant under the orientifold C

B,id,ε1···ε5
M̄

, then there

is a set of integer {νa} such that Bid
L,M and Cid

M̄+2~ν
satisfy the condition PIB 2. The

NS parity eigenvalue is then given by

(−)FLP = − iα+](1)II
∏

a

ενa
a = − iα+](1)II

∏

a

εLa
a ·

∏

a

εM̄a/2
a . (6.24)

Here we used that La + Ma and ka+2
2 are even for all a. Note also that α + ](1)II

is always even if the brane and orientifold preserve the same supersymmetry. The

branes with p(≥ 2) of La’s coinciding with ka

2 are special. The NS parity eigenvalue

for such branes is determined by applying the general formula (6.23),

(−)FLP = − sgn [Re (iα(1 + i)p)]
∏

a

εLa
a ·

∏

a

εM̄a/2
a . (6.25)

We thus recover the result of tables 9,10 of [12]. The gauge group is unitary when p

is even and α + p
2 is an odd integer.

6.3 Tadpole cancellation

Here we discuss the RR tadpole cancellation condition and its solutions. The formula

relating the charges of crosscaps and boundary states in minimal models allows us to find

a set of D-branes cancelling the RR-charge of any given orientifold. It is more difficult to

find the set of D-branes preserving a spacetime supersymmetry. In principle we have to

deal with a system of coupled linear equations with integer coefficients, and the complexity

of the problem depends on the number of linear equations which equals the dimension of

the RR-charge lattice.

6.3.1 Type IIA on (55555)

There are three physically inequivalent orientifolds, Cid
0

, C
(12)
0

and C
(12)(34)
0

. We only con-

sider those with negative tension (O−-planes). These three orientifolds have supersym-

metry phase ϕ = 0, 1/2, 1 respectively. The simplest tadpole-free configurations for these

orientifolds are obtained by wrapping four D-branes of the like charge, same supersym-

metry phase on top of the orientifolds. Such configurations are described by the tadpole

states,

|Cid
0 〉 + 4|Bid

L =(22222)
M=(22222)

〉, |C(12)
0

〉 + 4|B(12)

L =(0222)
M=(9222)

〉, |C(12)(34)
0

〉 + 4|B(12)(34)

L =(002)
M=(992)

〉. (6.26)

These will be all interpreted as four D6-branes on top of orientifold plane wrapping an

RP3 [7], and supporting O(4) gauge theory with various matters.
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6.3.2 Type IIA on (88444)

We have found 30 physically inequivalent orientifolds labelled by different choices of

(π,M) (5.40) and a sign ε. The choice

c
RR

= −1, c
NSNS

= −1 (ε = 1) or − i (ε = −1)

ensures the negative semi-definiteness of the tension for all choices of (π,M) in the list.

For 12 of them labelled by π = id, one finds the expressions the RR-charges in terms of

those of D-branes [12],

[Cid,±
(00000)] + 2[Bid

L =(33111)
M=(33111)

] ∓ 2[Bid
L =(33111)
M=(33111)

] = 0,

[Cid,±
(00002)] + 2[Bid

L =(33111)
M=(33113)

] ∓ 2[Bid
L =(33111)
M=(33111)

] = 0,

[Cid,±
(02000)] + 2[Bid

L =(33111)
M=(35111)

] ∓ 2[Bid
L =(33111)
M=(33111)

] = 0,

[Cid,±
(02002)] + 2[Bid

L =(33111)
M=(35113)

] ∓ 2[Bid
L =(33111)
M=(33111)

] = 0,

[Cid,±
(22000)] + 2[Bid

L =(33111)
M=(55111)

] ∓ 2[Bid
L =(33111)
M=(33111)

] = 0,

[Cid,±
(22002)] + 2[Bid

L =(33111)
M=(55113)

] ∓ 2[Bid
L =(33111)
M=(33111)

] = 0.

(6.27)

Note that each of the D-brane charges appearing above equalities expresses the sum of the

charges of two short-orbit branes labelled by L,M (recall that the non-permuted branes

with L1 = L2 = 3 are fixed under γ4). These relations immediately give RR tadpole free

configurations, which are however not supersymmetric except for those in the first line.

In [12], some supersymmetric tadpole-free configurations were found by rewriting these

equations using the relations between D-brane charges in minimal models,

[BL,M ] = [B0,M−L] + [B0,M−L+2] + · · · + [B0,M+L]. (6.28)

For some of the other 18 orientifolds, we found the following equalities for the RR

charges,

[C
(12),±
(00000)] + 2[B(12)

L =(0111)
M=(3333)

] ∓ 2[B(12)

L =(0111)
M=(1333)

] = 0,

[C
(12),±
(00002)] + 2[B(12)

L =(0111)
M=(3335)

] ∓ 2[B(12)

L =(0111)
M=(1333)

] = 0,

[C
(34),±
(00000)] + 2[B(34)

L =(3301)
M=(5533)

] ∓ 2[B(34)

L =(3301)
M=(5513)

] = 0,

[C
(34),±
(02000)] + 2[B(34)

L =(3301)
M=(5733)

] ∓ 2[B(34)

L =(3301)
M=(5513)

] = 0,

[C
(34),±
(22000)] + 2[B(34)

L =(3301)
M=(7733)

] ∓ 2[B(34)

L =(3301)
M=(5513)

] = 0,

[C
(12)(34),±
(00000) ] + 2[B(12)(34)

L =(001)
M=(333)

] ∓ 2[B(12)(34)

L =(001)
M=(113)

] = 0.

(6.29)

Applying recombination to some of them, we found the following supersymmetric tadpole-
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free configurations,

|C(12),−
(00000)〉 + 2

∑

ε

|B(12),ε

L =(1111)
M=(2111)

〉,

|C(34),−
(00000)〉 + 2

∑

ε

|B(34),ε

L =(3311)
M=(5523)

〉, (6.30)

|C(34),+
(22000)〉 + 2

∑

ε

|B(34),ε

L =(3301)
M=(7733)

〉 + 2
∑

ε

|B(34),ε

L =(3321)
M=(5553)

〉.

Here ε specifies the characters of the stabilizer group Z2 of short-orbit D-branes.

The remaining 6 orientifolds all involve the permutation orientifold |C(12)
M,M+8〉 of the

first two minimal models. The crosscap states are made of closed string states sitting in

γ4
(A)

-twisted sector, and are in particular tensionless.

6.3.3 Type IIB

In type IIB Gepner models, the tadpole-free condition can be solved more easily because

the charge of D-branes span a lattice of relatively low dimension.

Let us first focus on the charges arising from the untwisted sector (in the mirror

description). In mirror Gepner model labelled by (k1 · · · kr) and H ≡ l.c.m.(ka + 2), the

relevant RR ground states are labelled by a mod-H integer ν which is not multiple of any

of (ka + 2). They take the form

|ν〉
RR

= i−r
r⊗

a=1

|(la, la + 1, 1) ⊗ (la,−la − 1,−1)〉 · (−)da , (6.31)

where (la, da) is a unique pair of integers satisfying ν = da(ka + 2) + la + 1. Counting the

allowed ν’s one finds the dimension of RR charge lattice spanned by the ground states in

the untwisted sector, which is 4 for (ka +2) = (5, 5, 5, 5, 5) and 6 for (ka +2) = (8, 8, 4, 4, 4).

Since the dimension agrees with the known value of 2h1,1 + 2 for both cases, there are no

RR-charges from twisted sectors for these two theories.

The boundary states |Bσ,ρ
L,M〉

RR+
are shown to have the following overlaps,

RR
〈ν|Bσ,ρ

L,M〉
RR+

=
1

2[p/2]
√

H

∏[σ]
c=1 FLc,Mc(ω

νwc)(kc + 2)δc

∏r
a=1 |1 − ωνwa|1/2

. (6.32)

Here we denoted ω ≡ e
2πi
H , wa ≡ H

ka+2 and

FL,M (x) ≡ x
1
2
(M+L+1) − x

1
2
(M−L−1),

δc ≡ max([ |σc|−1
2 ], 0),

p ≡ (number of odd-length cycles labelled by L = k/2). (6.33)

The powers of (kc + 2) and the factor 2[p/2] arise from the order of the stabilizer group and

its untwisted subgroup. The RR charge of B-branes are thus expressed conveniently by the

polynomial,

[Bσ
L,M](x) ≡ 2−[p/2]

[σ]∏

c=1

FLc,Mc(x
wc)(kc + 2)δc . (6.34)
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In particular, if the argument x of the polynomials is assumed to satisfy

1 − xH = 1 + xwa + x2wa + · · · xwa(ka+1) = 0, (6.35)

one can rewrite every polynomial in terms of a finite number of monomials. The number

of monomials required is the same as the dimension of the (untwisted) RR-charge lattice.

So [Bσ
L,M](x) are naturally identified with vectors on the RR-charge lattice [4]. As an

application of this formula, the intersection number of D-branes is computed by the index,

I(Bσ′,ρ′

L′,M′ ,B
σ,ρ
L,M) ≡

RR+
〈Bσ′,ρ′

L′,M′ |e−iπJ0qH |Bσ,ρ
L,M〉

RR+

=
∑

ν
RR+

〈Bσ′,ρ′

L′,M′ |e−iπJ0 |ν〉
RR+

·
RR+

〈ν|Bσ,ρ
L,M〉

RR+

=
1

H

∑

ν

[Bσ′

L′,M′ ](ω−ν)[Bσ
L,M](ων)

∏r
a=1(1 − ωνwa)

. (6.36)

The polynomials [Bσ
L,M](x) satisfy various relations under the assumption (6.35). For

example, for the model (55555) one finds relations among RR-charges of various permuta-

tion branes by a repeated use of the formula (x
1
2 − x− 1

2 )−1 = 1
5(x− 3

2 + 2x− 1
2 − 2x

1
2 − x

3
2 ).

[B
(12)
0,M ] =

1

5

(
[Bid

0,M−3] + 2[Bid
0,M−1] − 2[Bid

0,M+1] − [Bid
0,M+3]

)
,

[B
(12)(34)
0,M ] =

1

5
[B

(123)
0,M ] =

1

5

(
[Bid

0,M−4] − 2[Bid
0,M ] + [Bid

0,M+4]
)

, (6.37)

where we used the label M ≡ ∑
c Mc (mod 10) instead of M.

It is straightforward to express the RR charge of orientifolds in terms of similar polyno-

mials, using the relations (4.20) and (4.34). For the model (55555) one has simple relations

[Cid
(00000)] = −4[Bid

(22222),0],

[C
(12)
(00000)] = −4[B

(12)
(0222),5], (6.38)

[C
(12)(34)
(00000) ] = −4[B

(12)(34)
(002),0 ].

This agrees with the result of [43] using the (twisted) Landau-Ginzburg description [44].

For the model (88444), there are orientifolds labelled by (π,M) as well as ε’s and r’s

as explained in Example 2 of section 5.2.2. Restricting to those with r = r′ = 0, the

RR-charges are given by the following polynomials:

[Cid,ε1ε2ε3ε4ε5
(00000) ](x) = −[Bid

(33111),−4](x) · (1 + ε1ε2x)(1 + ε3x)(1 + ε4x)(1 + ε5x),

[Cid,ε1ε2ε3ε4ε5
(20000) ](x) = −[Bid

(33111),−2](x) · (1 + ε1ε2)(1 + ε3x)(1 + ε4x)(1 + ε5x),

[C
(12),ε1ε3ε4ε5
(00000) ](x) = −[B

(12)
(0111),5](x) · (1 + ε1ε3x)(1 + ε1ε4x)(1 + ε1ε5x),

[C
(12),ε1ε3ε4ε5
(20000) ](x) = 0,

[C
(34),ε1ε2ε5
(00000) ](x) = −2[B

(34)
(3301),6](x) · (1 + ε1ε2x)(1 + ε5x),

[C
(34),ε1ε2ε5
(20000) ](x) = −2[B

(34)
(3301),8](x) · (1 + ε1ε2)(1 + ε5x),

[C
(12)(34),ε1ε5
(00000) ](x) = −2[B

(12)(34)
(001),−1](x) · (1 + ε1ε5x)

[C
(12)(34),ε1ε5
(20000) ](x) = 0. (6.39)
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RR charges from twisted sectors. Finally we briefly discuss the case where the RR

charge lattice is not entirely spanned by the states in the untwisted sector. We take as an

example the model (44666), H = 12. The RR charge lattice is known to be 14 dimensional,

of which 8 arise from the states |ν〉RR in the untwisted sector defined at (6.31). The values

ν = 0, 4, 6, 8 (mod 12) are excluded, but for ν = 4, 8 there are RR vacua of the form

|µ, ν̃〉
RR

= |(µ − 1, µ, 1) ⊗ (µ − 1, µ, 1)〉 ⊗ |(µ − 1,−µ,−1) ⊗ (µ − 1,−µ,−1)〉

⊗
5∏

a=3

|(ν̃ − 1, ν̃, 1) ⊗ (ν̃ − 1,−ν̃,−1)〉,

ν̃ ≡ ν mod 6 = 4 or 2, µ = 1, 2, 3. (6.40)

These 6 RR states from twisted sectors complete the full set of RR charges. They are

sitting in the (γµ
1 γ−µ

2 )-twisted sector of the mirror Gepner model.

The B-type permutation orientifolds of the model (44666) have twisted RR-charges if

π permutes 1 and 2. The permutation B-branes have twisted RR-charges if their untwisted

stabilizer group contains elements γµ
1 γ−µ

2 . The RR-charges of these branes and orientifolds

are again conveniently expressed by polynomials of (y ≡ e
2πiµ

4 , z ≡ e
2πiν̃

6 ) which therefore

satisfy

1 + y + y2 + y3 = 1 + z + z2 = 0.

The branes carrying the twisted RR-charges are

[B
(12),ρ
L,M ⊗ B

σ,ρ′

L′,M′ ] = [B
(12)
L,2ρ](y)[Bσ

L′,M′ ](z),

[B
(1)(2),±
L=(11),M ⊗ B

σ,ρ′

L′,M′ ] = (1 − y + y2 − y3)[Bσ
L′,M′ ](z). (6.41)

In the second line, none of L′
c equals 2 because otherwise the untwisted stabilizer of the

brane would not contain η1η2. The orientifolds carrying the twisted RR-charges are

C
B,(12),ρ
M

: ρr,ε1,ε3,ε4,ε5(~ν) = ω
−r(ν1−ν2)
4 εν1

1 εν3
3 εν4

4 εν5
5

C
B,(12)(34),ρ
M

: ρr,r′,ε1,ε5(~ν) = ω
−r(ν1−ν2)
4 ω

−r′(ν3−ν4)
6 εν1

1 εν5
5 .

We restrict to those with M = (00000) or (20000) and ε1 = +1 since all the others are

related to them by symmetries. Their twisted RR-charges are expressed by the polynomials

[C
B,(12),ρ
(M0000)] = −2

(
[B

(12)
0,−2r](y) + (−)M/2[B

(12)
0,−2r+4](y)

)

×1

4
[Bid

(222),6](z)(1 + ε3z
2)(1 + ε4z

2)(1 + ε5z
2),

[C
B,(12)(34),ρ
(M0000) ] = −2

(
[B

(12)
0,−2r](y) + (−)M/2[B

(12)
0,−2r+4](y)

)

×1

2
[B

(34)
(02),1](z)(1 + ε5z

2). (6.42)

7. Concluding remarks

In this paper we discussed the construction of permutation orientifolds in general RCFTs

and then studied those in Gepner models. Although our analysis was limited to the Gepner
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point, it will serve as a starting point to explore a new class of four-dimensional string vacua.

It will be interesting to see how various properties of permutation orientifolds continue in

moduli space to large volume. In doing this, it will be useful to switch from the description

in terms of coset CFTs to those in terms of Landau-Ginzburg orbifolds or linear sigma

models. A number of works along this path have appeared recently [44, 43, 37].
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